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Abstrat
In this work we develop the path formalism, an approah
providing a very simple and ompat desription of braneworld-
motivated osmologies with nonstandard eetive Friedmann
equations. In partiular, the Hubble parameter is assumed to de-
pend on some power of the brane energy density, H2 ∝ ρq. The
high-energy limit of Randall-Sundrum (q = 2) and Gauss-Bonnet
(q = 2/3) braneworlds are onsidered, during an aelerating era
triggered by a single ordinary or tahyoni salar eld. We present
a slow-roll formalism generalizing the four-dimensional one; full
towers of slow-roll parameters are onstruted and the dynamis
of the inaton eld explored in detail. The inationary attrator
ondition, exat osmologial solutions, and perturbation spetra
are provided. Using the latest results from WMAP and other ex-
periments for estimates of osmologial observables, it is shown
that future data and missions an in priniple disriminate be-
tween standard four-dimensional and braneworld senarios. The
issue of non-Gaussianity is also studied within nonlinear pertur-
bation theory.
The introdution of a fundamental energy sale reinfores
these results. Several lasses of nonommutative inationary
models are onsidered within an extended version of path os-
mologial braneworlds, starting from a maximally invariant gen-
eralization of the ation for salar and tensor perturbations to a
nonommutative brane embedded in a ommutative bulk. Slow-
roll expressions and onsisteny relations for the osmologial ob-
servables are provided, both in the ultraviolet and infrared region
of the spetrum. The eets of nonommutativity are analyzed
in a number of ways and energy regimes.
Finally, we establish dual relations between inationary,
yli/ekpyroti and phantom osmologies, as well as between
salar-driven and tahyon-driven osmologies. The exat duali-
ties relating the four-dimensional spetra are broken in favour of
their braneworld ounterparts. The dual solutions display new
interesting features beause of the modiation of the eetive
Friedmann equation on the brane.
PACS numbers: 98.80.Cq, 04.50.+h, 98.70.V
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1Introdution
This to attain, whether heav'n move or earth,
Imports not, if thou rekon right; the rest
From man or angel the great Arhitet
Did wisely to oneal, and not divulge
His serets to be sanned by them who aught
Rather admire; or if they list to try
Conjeture, he his fabri of the heav'ns
Hath left to their disputes, perhaps to move
His laughter at their quaint opinions wide
Hereafter, when they ome to model heav'n
And alulate the stars . . .
 Milton, Paradise lost, VIII, 70-80
Imagine to be a two-dimensional man, like a paper silhouette ut in a
sheet, living on the surfae of a table. Imagine that the table is your world and
all you see and touh and speak with lives in this two-dimensional universe.
Things might look quite boring relative to our ommon 3D vision, but just
for some more moments we are sheet-guys who atually do not know what
the third dimension is.
Now imagine that, after a life austomed to atness, a mad sientist
laims the existene of a third, amazing, unpreedented extra dimension,
transverse to the table surfae. In the beginning people do not believe him,
wondering: `Why should we ompliate our world with things we annot see?'
Some olleague of the sientist's even shows that his proposal goes against
urrent observations.
Despite all this skeptiism, later on the theory is modied, its ontext
hanges and widens, and the underlying philosophy enrihes with important
onsequenes involving nothing less than our attitude to the interpretation
of natural phenomena. People begin projeting experiments and models 
and sub-models, and senarios within senarios  in order to nd whether
this extra dimension (an objet they really annot gure out, sine their
minds think in 2D only) produes some visible eet on the table or not.
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However, this new enthusiasm triggered in the eld is not rewarded by a
diret, unequivoal hek of the idea.
This analogy, borrowed from Flatland by Reverend Abbott (indeed far-
sighted a work, being written 120 years ago!), does not dier muh from the
fair tale of the real world and the 21st-entury siene. Reently a number of
developments in string theory have given new insights to our omprehension
of the high-energy physis and the fundamental behaviour of Nature. Al-
though the mathematial struture of the string lore is so elegant that many
theorists believe to be on the right path, its omplexity and interpretative
diulties make onrete (i.e. liable to experimental pressure) preditions
hard to formulate. Nevertheless, important appliations have been proposed
and almost fully onstruted, partiularly in osmology.
One of the basi statements of these theories is that partiles are atu-
ally mirosopi vibrating strings whih interat in a higher-dimensional
spaetime; that is to say, four dimensions are not enough for the physis at
the quantum sale. Beside strings, other extended objets (the D-branes)
appear in the full spetrum and play speial roles of interest.
1.1 Brane worlds and osmologial priniple
The idea that the world we live in has more dimensions than we an see
dates bak to the 1920s with the works of Theodor Kaluza [1℄ and Oskar
Klein [2℄; however, in order not to violate results oming from gravitational
and ollider experiments, extra dimensions should be ompatied and very
tiny (of order of the Plank sale) and so almost unobservable. During re-
ent years new models, exploiting many of the mentioned stringy ingredients,
have been explored [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15℄
1
whih require
dimensions with ompatiation sale lose to the limit of modern measure-
ments of gravity (around millimeter) or even nonompat dimensions. In
these ases, the visible universe is onned into a four-dimensional variety (a
brane) embedded in a larger spaetime, thus alled braneworld.
2
Besides regaining lassial gravity at low energies, these models have
many interesting onsequenes, suh as the mass hierarhy problem solu-
tion and the onrete possibility to test and bound the theory by means of
astrophysial (supernovae) and osmologial observations (osmi mirowave
bakground temperature utuations, large-sale strutures) and aelerators
(high-energy proesses available at future LHCs). However, the problems
opened by this new trend of researh are far from being fully solved.
In the typial osmologial framework, the bakground metri on the
brane is the Friedmann-Robertson-Walker (FRW) metri [with signature
1
See [16, 17, 18, 19, 20, 21, 22℄ for examples of ompatiations on a hyperboli
manifold.
2
Brane universes in a multidimensional target spaetime were rst onsidered in [23,
24, 25℄.
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(+,−,−,−)℄
ds2FRW = dt
2 − a2(t) dxidxi , (1.1)
where a(t) is the sale fator on the 4D variety and Latin indies denote
spatial oordinates. The FRW metri is the realization of the osmologial
priniple of the standard big bang model, stating that the Universe does
not possess any privileged diretion or point; it is therefore homogeneous
and isotropi, at least with good approximation.
3
If the Universe follows
an homogeneous evolution, one an dene a measure of time suh that iden-
tial physial properties in dierent plaes imply synhronized loal loks.
This is the reason why t is alled synhronous time. The spatial omoving
oordinates xi are glued to the elements of the ontinuous uid we assume
to represent the (brane) universe, so that a oordinate spatial label x or-
responds to the uid element passing on that point at the time t. Physial
distanes are given by omoving distanes times the sale fator a(t).
The Einstein equations are modied in aordane with the gravity model
permeating the whole spaetime. This in turn produes the basi FRW equa-
tions for the osmologial evolution. For omprehensive reviews on brane
worlds, see [26, 27, 28, 29℄. In partiular, the ve-dimensional Randall-
Sundrum type 2 model [13, 30, 31, 32, 33, 34, 35, 36℄ and its Gauss-Bonnet
generalization [37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52,
53, 54℄ have reeived muh attention sine their birth beause of their rih
struture in a relatively simple oneptual framework. One of the many as-
pets of these models is a possibility for the osmologial evolution to hange
substantially from the standard four-dimensional ase, sine the extra non-
ompat dimension an ommuniate via gravitational interation with the
matter onned in the brane. Gravity is free to propagate in the anti de
Sitter (AdS) bulk, whih is assumed to be empty in the simplest senarios.
1.2 Ination
Aording to modern data, the large-sale struture of the Universe, as well
as the anisotropies of the osmi mirowave bakground (CMB), an be ex-
plained by an early stage of aelerated expansion (ination) driven by an
eetive osmologial onstant [55, 56, 57, 58, 59℄. This mehanism is trig-
gered by the dynamis of a salar eld (generially dubbed inaton) rolling
down its potential, and may also provide an explanation for the present phase
of aeleration; in the most famous version of ination, the rolling is slow
enough to justify the adoption of the slow-roll (SR) formalism.
Ination was originally devised for solving a number of problems ait-
ing the hot big bang model, in partiular the atness or entropy problem
(Why the Universe is at? Why does it have so high an entropy?), the
3
Due to the presene of small anisotropies in the mirowave reli and the gravitational
lustering of matter in the large-sale strutures, the osmologial priniple gives only an
approximated desription of the world.
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horizon problem (Why distant, ausally disonneted regions are in thermal
equilibrium?), and the monopole problem (Where are the topologial defets
emerging from the osmologial phase transitions?). However, the reasons of
its suess rely on an aspet whih is muh more than a bak bonus. In fat,
an immediate onsequene of this senario is that osmologial large-sale
strutures were originated by the exponential dilatation of quantum utua-
tions of the inaton up to marosopi sales [60, 61, 62, 63℄. The study of
miroosm allows us to investigate maroosm in some sense, so osmologi-
al observations are omplementary to those with ground-based aelerators.
Moreover, they larify the omposition and geometrial struture of the Uni-
verse, as well as those primordial elementary proesses onstituting the basis
of our visible world.
In partiular, it is possible to ombine the available observables in rela-
tions, alled onsisteny equations, that are harateristi of the inationary
paradigm, and verify them through CMB and sky-survey data. These rela-
tions do not depend on the form of the inationary potential but do depend
on either the type of salar eld (ordinary or tahyoni) on the brane and
the details of the high-energy geometrial model. The onsisteny equations
are a typial result from ination that other theories of struture formation
are not able to reprodue, and reet the ommon physial origin of salar
and tensor perturbations; this salar-tensor entanglement is even more pro-
nouned in the braneworld framework.
Reently, due to many progresses made in understanding the vauum
struture of string theory (in partiular, see [64, 65, 66, 67, 68, 69, 70, 71,
72, 73, 74, 75℄), the eventuality that the salar eld is tahyoni has been
explored. With tahyon we mean a ausal salar eld with an eetive
Dira-Born-Infeld (DBI) ation emerging from the low oupling limit of non-
perturbative string theory.
We leave the reader to textbooks suh as [76, 77℄ for an introdution to
standard osmology. See also [78℄ for a review of SR ination.
1.3 Not only extra dimensions
In addition to the brane onjeture, one an insert other exoti ingredients,
borrowed from string and M theory, that may give rise to harateristi pre-
ditions, although at the prie of inreasing the number and omplexity of
onurring models. For instane, the introdution of a stringy spaetime
unertainty relation and the assoiated nonommutative sale leads to mod-
iations of perturbation spetra at large sales, an generate a blue-tilted
spetrum, and modies the observationally allowed regions in the parameter
spae. Sine the unertainty relation is saturated when a perturbation with
a partiular wavelength is generated, the standard evolution of ommutative
utuations is altered and large-sale modes are damped. This might par-
tially explain the low-multipole suppression of the CMB spetrum deteted
1.4. Observations 5
by reent data.
1.4 Observations
Early-Universe observations have ome to the golden age. The rst-year re-
sults of the Wilkinson Mirowave Anisotropy Probe (WMAP) [79, 80, 81, 82℄
provided high-preision osmologial data sets from whih astropartile mod-
els an be tested. The observations strongly support the inationary
paradigm based on general relativity as a bakbone of high-energy physis. In
partiular, nearly sale-invariant and adiabati density perturbations gener-
ated in single-eld ination exhibit an exellent agreement with the observed
CMB anisotropies [83, 84, 85, 86℄. Together with the upoming high-preision
data by the Plank satellite [87℄, it will be possible to disriminate between
a host of inationary models from observations.
1.5 Big bang singularity, phantoms, and
osmologial symmetries
Reently a lot of attention has been devoted to the symmetries of the os-
mologial dynamis. Transformations of the Einstein equations, enoded in
the Friedmann relation oupled to the equations of motion for the matter
ontent in the Universe, link standard inationary osmologies to other pos-
sible phases. These are either ontrating periods, ideally embedded in some
motivated high-energy pre-inationary framework, or superaelerating os-
mologies, a¨/a > H2, dominated by a matter omponent (alled phantom)
with and eetive equation of state p < −ρ. Suh senarios are of partiular
interest from both a theoretial and observational point of view, sine the
rst one is intertwined with the big bang problem and the resolution of the
initial singularity, while phantoms might explain modern data on the late-
time evolution of the Universe. Conversely, bouning events an leave their
imprint on the large-sale perturbation spetra, while a phantom omponent
an arise in a stringy or supersymmetri setup.
1.6 Plan of the thesis
The material of this work is arranged as follows.
Chapter 2 We introdue the path notation, an approah providing a very
simple and ompat desription of braneworld-motivated osmologies
with nonstandard eetive Friedmann equations. The partiular ases
of Randall-Sundrum and Gauss-Bonnet braneworlds are onsidered. We
present a slow-roll formalism generalizing the four-dimensional ase; full
6 1. Introdution
towers of parameters involving either the inaton potential or the Hub-
ble parameter are onstruted, and the dynamis of standard and tahy-
oni elds are onsidered in detail. The inationary attrator ondition
and exat osmologial solutions are provided. Through all these fea-
tures, salar-driven and tahyon-driven aelerating eras are ompared.
The original ontribution is based on [88℄.
Chapter 3 This hapter is devoted to osmologial braneworld spetra and
the observational imprint on early-Universe strutures. An impor-
tant aspet is the emerging of a set of onsisteny relations involving
some of the most relevant observables, that is the amplitudes and in-
dies of the perturbation spetra generated by quantum utuations
strethed outside the Hubble horizon during the aelerated expansion.
It is shown that, while the degeneray between 4D and high-energy
regimes an ome from suitable values of the osmologial observables,
exat funtional mathing between onsisteny expressions is disarded.
Also, it turns out that CMB experiments of this and next generation
might be able to disriminate between the standard four-dimensional
lore and braneworld senarios. The original ontribution is based on
[88, 89, 90, 91℄.
Chapter 4 We onsider several lasses of nonommutative inationary
models within an extended version of path osmologial braneworlds,
starting from a maximally invariant generalization of the ation for
salar and tensor perturbations to a nonommutative brane embedded
in a ommutative bulk. Slow-roll expressions and onsisteny relations
for the osmologial observables are provided, both in the ultraviolet
and infrared region of the spetrum. The eets of nonommutativity
are then analyzed in a number of ways and energy regimes. The original
ontribution is based on [90, 92, 93℄.
Chapter 5 In this hapter we address further theoretial issues and es-
tablish a triality between inationary, yli/ekpyroti, and phantom
osmologies in dierent pathes. The exat dualities relating the four-
dimensional spetra are broken in favour of their braneworld ounter-
parts; the dual solutions display new interesting features beause of
the modiation of the eetive Friedmann equation on the brane. We
then give some qualitative remarks on phantomlike osmologies without
phantom matter. The original ontribution is based on [94℄.
Chapter 6 Disussion, onlusions, and future trends.
Appendix A A ouple of examples of exat Randall-Sundrum solutions
with late-time onstant SR parameters is given. The original ontri-
bution is based on [95℄.
Appendix B A digression on CMB non-Gaussianities in the braneworld
ontext. We alulate the bispetrum of single-eld braneworld in-
ation, triggered by either an ordinary salar eld or a osmologial
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tahyon, by means of a gradient expansion of large-sale nonlinear per-
turbations oupled to stohasti dynamis. The resulting eet is iden-
tial to that for single-eld 4D standard ination, the nonlinearity pa-
rameter being proportional to the salar spetral index in the limit
of ollapsing momentum. If the slow-roll approximation is assumed,
braneworld and tahyon non-Gaussianities are subdominant with re-
spet to the post-inationary ontribution. However, bulk physis may
onsiderably strengthen the nonlinear signatures. These features do not
hange signiantly when onsidered in a nonommutative framework.
The original ontribution is based on [96℄.

2Path osmology
Yet it is possible to see peril in the nding of ultimate perfetion. It is
lear that the ultimate pattern ontains its own xity. In suh perfe-
tion, all things move toward death.
 Frank Herbert, Dune
2.1 Motivations
How to deal with the physis of extra dimensions? Are there sensible osmo-
logial setups involving branes and other exoti ingredients? The answer to
both questions is not unique, sine there are many interonneted approahes
by whih to treat the braneworld [97℄. Here we will adopt the point of view
of a osmologial observer living on a brane, whih is a onvenient plae to
put ourselves in if we want to predit what phenomena an be observed in
the sky.
In partiular, we shall onsider the path formulation of brane osmology,
in whih the eetive Hubble parameter H ≡ a˙/a experiened by an observer
on the brane is assumed to depend on some power of the brane energy density
ρ, H2 ∝ ρq. The advantages of this approah are several. First, it provides
a onise and versatile formalism to explore dierent osmologial models
and determine their main features, suh as exat lasses of solutions, the
inationary attrator, and the inationary imprint on the struture forma-
tion of the early Universe. Seond, it allows to treat standard and tahyon
osmologies on the same ground, sine the equations of the latter are given
by a partiular limit of braneworld equations.
As the quotation hints, the path formalism is far from being the ultimate
or even the best framework in whih to study the osmology of extra dimen-
sions. Nonetheless, from one side the advantages in using it are ompared
with the preision of modern observations; from the other side, the small
eort in its formulation is well repaid by the insight into a great number of
physial properties.
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This model has been used to desribe the post-inationary evolution and
in this ase has been dubbed Cardassian osmology [98, 99, 100, 101, 102,
103, 104, 105, 106, 107, 108, 109, 110, 111, 112℄. Here we will take a rather
dierent perspetive, and ask how a period of nonstandard expansion an
modify the usual early-Universe piture. Apart by the author, ommutative
path osmology was onsidered, e.g., in [54, 113, 114, 115℄.
2.1.1 Gauss-Bonnet braneworld and energy pathes
In braneworld senarios the visible universe is onned into a (3+1)-
dimensional variety (a brane) embedded in a larger nonompat spaetime
(the bulk). This setup is motivated by M theory as a low-energy produt of
a dimensionally redued 11D supergravity to a 10D string theory, down to
a 5D eetive gravity [3, 4, 5, 6, 7, 116, 117℄ (see also [118℄). The resulting
11D manifold is AdS5 ×XCY , where the brane is loated at the xed point
y = yb of the Z2 symmetry in the 5D anti de Sitter bulk and the other six
dimensions are ompatied on a Calabi-Yau 3-fold XCY . The 5D gravita-
tional oupling is related to the 11D one by κ25 ≡ 8π/m35 = κ211/VCY , where
VCY is the internal volume of the Calabi-Yau spae and κ
2
11 ≡ M−9s enodes
the fundamental string mass.
1
For the ase of branes in a 6D bulk, see, e.g.,
[119, 120, 121℄.
One of the rst problems one has to deal with when onstruting suh
models is how to stabilize the extra dimension. This an be ahieved in
a number of ways; in the Randall-Sundrum (RS) example, Goldberger and
Wise have provided a mehanism aording to whih a 5D massive salar is
put into the bulk with a potential of the same order of the brane tension
λ [122, 123, 124, 125, 126℄. If the energy density ρ on the brane is smaller
than the harateristi energy of the salar potential, ρ/V ∼ ρ/λ ≪ 1,
then the radion is stabilized and one gets the standard Friedmann equation
H2 ∝ ρ. On the ontrary, if the brane energy density is omparable with
the stabilization potential, ρ/λ & 1, the bulk bakreats beause it feels the
presene of the brane matter, the minimum of the potential is shifted, and the
well-known quadrati orretions to the Friedmann equation arise [30, 31℄:
H2 =
κ24
6λ
ρ(2λ+ ρ) +
E
a4
, (2.1)
where κ24 ≡ 8π/m24 inludes the four-dimensional Plank mass m4 ≈
1019GeV, and E = onst is the dark radiation term whih is the time-
time omponent of the ve-dimensional Weyl tensor projeted on the brane.
Gravity experiments impose the bulk urvature sale to be . 1mm, that is
m5 & 10
8
GeV and λ1/4 & 103 GeV. We will neglet the dark radiation term
sine during ination it is strongly suppressed (see below).
1
We use the natural units c = 1, ~ = 1.
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The RS model an be viewed as an intermediate senario between a pure
Gauss-Bonnet high-energy regime, H2 ∝ ρ2/3, and the standard 4D (low-
energy) evolution, H2 ∝ ρ. The ve-dimensional bulk ation for the Gauss-
Bonnet (GB) braneworld is
S =
1
2κ25
∫
d5x
√−g5
[
R− 2Λ5 + α
(
R2 − 4RµνRµν +RµνρσRµνρσ
)]
+S∂ + Smatter . (2.2)
Here, κ5 is the ve-dimensional gravitational oupling, g5 is the determinant
of the 5D metri, R is the 5D Rii salar, Λ5 < 0 is the bulk osmologial
onstant, and α = 1/(8g2s) > 0 is the Gauss-Bonnet oupling, where gs is
the string energy sale. The ation inludes a pure geometrial boundary
term S∂ and the matter ontribution whih is onned on the brane. The
gravitational part of the ation is a natural generalization in ve dimensions
of the Einstein-Hilbert ation (see [42℄ for a general disussion), sine it is the
only extension giving a seond-order symmetri divergene-free tensor and
eld equations that are seond-order in the metri [127℄. From a fundamental
physis point of view, it omes from α′-leading-order quantum orretions
to gravity in the heteroti string eetive ation [128℄. In partiular, in
the Gauss-Bonnet theory graviton interations are ghost free and spaetime
perturbations are wavelike.
A osmologial solution of the theory an be found via a 5D warped metri
suh that its projetion on the 3-brane is FRW-like, Eq. (1.1). Assuming
a perfet uid
2
matter and a Z2 symmetry aross the brane, the eetive
Friedmann equation on the brane is [42, 46, 47℄
H2 =
c+ + c− − 2
8α
, (2.3a)
where H is the Hubble parameter and, dening
√
α/2κ25 ≡ δ−10 ,
c± =
[√
(1 + 4αΛ5/3)
3/2 + (δ/δ0)
2 ± δ/δ0
]2/3
; (2.3b)
δ is the matter energy density whih we will assume to be deomposed into
a matter ontribution plus the brane tension λ: δ = ρ + λ. Expanding Eq.
(2.3) to quadrati order in δ one reovers the Friedmann equation of the
Randall-Sundrum type 2 senario with vanishing 4D osmologial onstant,
provided
κ45 =
6κ24
λ
(
1 +
4
3
Λ5α
)
, λ =
3
2ακ24
[
1−
(
λκ45
6κ24
)1/2]
.
2
A 4D perfet uid with energy density ρ and pressure p is isotropi in its loal rest
frame, its energy tensor being diagonal and proportional to the pressure p in its spatial
projetion: T 00 = ρ, T ij = −p δij . In the ase of a onned uid, the 5D energy-momentum
tensor is T µν ∝ δ(yb) diag(ρ,−p,−p,−p, 0)µν, where yb is the brane position along the
extra diretion y.
12 2. Path osmology
We an now reognize three main energy regimes resulting in partiular limits
of the Friedmann equation:
1) δ/δ0 ≫ 1 : In this pure Gauss-Bonnet high-energy regime, we have a
nonstandard osmology
H2 =
(
κ25
16α
)2/3
ρ2/3 ; (2.4)
2) λ/δ0 ≪ δ/δ0 ≪ 1 : When the energy density is far below the 5D or
string sale but ρ≫ λ, we have a Hubble parameter
H2 =
κ24
6λ
ρ2 ; (2.5)
3) ρ/δ0 ≪ δ/δ0 ≪ 1 : The standard four-dimensional senario is reovered
when the brane grows sti with respet to its matter ontent, ρ≪ λ:
H2 =
κ24
3
ρ . (2.6)
The Friedmann equation (2.3) and its energy approximations are plotted in
Fig. 2.1.
Figure 2.1: The Hubble parameter as a funtion of the energy density in
the Gauss-Bonnet senario and its energy approximations. The solid line is
the full Gauss-Bonnet osmology [Eq. (2.3)℄, the lower dashed line is the
high-energy Gauss-Bonnet regime [Eq. (2.4)℄, and the upper dashed line is
the full Randall-Sundrum regime.
Equations (2.4)(2.6) are onsiderably simpler than the full Gauss-Bonnet
equation (2.3), and in many pratial ases one of the three regimes is as-
sumed. Therefore it an be useful to study a osmologial path, that is a
region of time and energy in whih
H2 = β2qρ
q , (2.7)
where q is onstant and βq > 0 is a onstant fator with energy dimension
[βq] = E
1−2q
. Then, q = 1 in the pure 4D (radion-stabilized) regime, q = 2 in
the high-energy limit of the RS braneworld, and q = 2/3 in the high-energy
limit of the GB senario.
The resulting dynamial equations an be applied to any ase of interest,
let it be a partiular limit of either the Gauss-Bonnet braneworld or other
senarios where nononventional physis modies the osmologial evolution.
The parameter q, whih desribes the eetive degrees of freedom from
gravity, ould live in a nonstandard range of values beause of the introdu-
tion of nonperturbative stringy eets or, just to mention some possibilities,
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for the presene of a ompliated geometrial framework with either ompat
and nonompat extra dimensions, multiple and/or folding branes ongura-
tions, higher-derivative gravities ([129, 130, 131℄ and referenes therein), and
so on. In the latter example [129℄, one an onsider a lass of 4D gravitational
ations like
Sg =
∫
d4x
√
gf(R) , (2.8)
where f(R) is an arbitrary funtion of the Rii salar. It turns out that
one an onstrut suitable expressions for f(R) and get Eq. (2.7) in the
appropriate limit. The ase
f(R) = R − (sinhR)−1 , (2.9)
is of partiular interest, sine in the limit of small urvature R (late times, low
energy) one gets H2 ≈ ρ−1 and an explain the present (super?)aeleration
of the Universe. To the author's knowledge, so far this is the only onrete
example of osmologies with negative q. We will ome bak to this point in
Se. 5.4.
When onsidering a ve-dimensional braneworld, bulk moduli modify the
Friedmann equation on the brane. In general, to a given orbifolded 5D spae-
time and matter soure onned on the brane there will orrespond a set of
juntion onditions determining the matter-gravity interation at the brane
position. Conversely, one an always onstrut a bulk stress tensor suh that
Eq. (2.7) holds for some q [132℄; this is beause the juntion onditions
have enough (q-dependent) degrees of freedom at a xed slie in order to ar-
range a suitable expansion. In fat, the braneworld alone is not suient to
fully determine the observable physis and some fundamental priniple (e.g.,
AdS/CFT orrespondene) should be advoated from the outside in order to
sweep all ambiguities away [133℄. Dealing not with suh elegant priniples,
we shall keep the following disussion on a phenomenologial level.
Anyway, a path formulation of the osmologial problem provides a om-
pat notation for many situations. If braneworld orretions are important
in the early Universe, one an follow the osmologial evolution through eah
energy path in a given time interval where the path approximation is valid,
that is, far from transitions between pathes; in fat, the Hubble parameter
will be a more or less ompliated funtion of the energy density, say Eq.
(2.3), with smooth transitions from an energy (and SR) regime to the other.
Moreover, the ase of Eqs. (2.8) and (2.9) does not lie within the braneworld
piture sine the only requirement is that there exists some fundamental the-
ory whih modies general relativity at the sales of interest. In this sense
the path formalism is more powerful and unifying than expeted from the
very simple ansatz Eq. (2.7), in origin devised as a high-energy orretion
typial of RS and GB braneworlds.
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2.1.2 Path osmology
In the rest of this work, we investigate the properties of a single at energy
path with general eetive Friedmann equation (2.7). In order to simplify
the framework, we make the following assumptions:
1) There is a onnement mehanism suh that matter lives on the brane
only, while gravitons are free to propagate in the bulk. This is guaran-
teed as long as ρ < m45;
2) The ontribution of the Weyl tensor is negleted.
For a perfet uid with equation of state p = wρ, assumption 1 allows the
ontinuity equation
ρ˙+ 3H(ρ+ p) = 0 . (2.10)
This is equivalent to the loal ovariant onservation of the energy-
momentum tensor.
3
Assumption 2 loses the system of equations on the brane and sets aside
the nonloal ontributions from the bulk. To neglet the projeted Weyl
tensor implies that there is no brane-bulk exhange. The onverse is not
true: Given a standard ontinuity equation on the brane, the Friedmann
equation still an get an extra dark-radiation term. In fat, in the ase of
brane-bulk interation through a nondiagonal stress-energy bulk tensor, the
omplete ontinuity equation is
ρ˙+ 3Hρ(1 + w) + rB = 0 , (2.11)
where rB is the 05-omponent of the bulk tensor [138, 139℄. Suppose that
the Friedmann equation (2.7) aquires a time-dependent orretion
H2 = ρq + χB , (2.12)
where we have set βq = 1 and χB(t) is an unspeied funtion. Then the
equation of motion for χB reads
χ˙B + q[3H(1 + w) + rB/ρ]χB = H
2[3qH(1 + w)− 2Hǫ+ qrB/ρ] , (2.13)
where
ǫ ≡ −d lnH
d ln a
= − H˙
H2
. (2.14)
We onlude that even when the bulk is empty, rB = 0, χB(t) may not vanish
identially. For some studies on brane-bulk interations, see [138, 139, 140,
141, 142, 143, 144, 145℄.
The requirement of a negligible Weyl ontribution might seem too restri-
tive and spoiling almost all the interesting features of the model. However,
bulk physis mainly aets the small-sale/late-time osmologial struture
and an be onsistently negleted during ination. This is a highly nontrivial
3
For the ase of ve-dimensional ination, see [134, 135, 136, 137℄.
2.1. Motivations 15
result whih has been onrmed with several methods both analytially and
numerially [146, 147, 148, 149, 150, 151℄. Intuitively, the RS dark radiation
term, whih is the simplest ontribution of the Weyl tensor, sales as a−4 and
is exponentially damped during the aelerated expansion. In the following
we will set χB = 0.
Dierentiating Eq. (2.7) with respet to time and using Eq. (2.10), one
gets
ǫ = 3
2
q(1 + w) . (2.15)
The exponent
θ ≡ 2
(
1− 1
q
)
, (2.16)
is shown in Fig. 2.2; it allows to rewrite Eq. (2.7) as H2−θ = β2−θq ρ. Atually
the parameter θ an be extended to a funtion θ(ρ) interpolating between
the RS and GB high-energy regimes [54℄. This is another (although partial)
justiation for keeping the disussion in the general ase θ ∈ R \ {2}, and
not only in the disrete set θ ∈ {0, 1,−1}.
Figure 2.2: The parameter θ(q). The three osmologies desribed in the text
are: high-energy Gauss-Bonnet [θ(2/3) = −1℄, standard four-dimensional
[θ(1) = 0℄ and high-energy Randall-Sundrum [θ(2) = 1℄.
If one imposes the dominant energy ondition, ρ ≥ |p| (w ≥ −1), Eq.
(2.15) states that the Hubble length
4 RH ≡ H−1 is monotoni during its time
evolution, inreasing if q > 0 (the lower branh with θ < 2) and dereasing if
q < 0 (θ > 2). On the ontrary, the partile horizon Rc(t) ≡ a(t)
∫ t
t0
dt′/a(t′)
[152℄, whih denes the ausally onneted region entered in the observer,
is always inreasing in an expanding universe, R˙c = 1 + HRc > 0, and its
omoving ounterpart is always inreasing also, (Rc/a)
.
> 0. We will denote
with a subsript 0 any quantity evaluated at the referene initial time t0. For
a onstant index w,
ρ = ρ0
(
a
a0
)−3(1+w)
, (2.17)
while the sale fator is
a(t) = a0 [1 + ǫH0(t− t0)]1/ǫ . (2.18)
Thus an expanding (H > 0) solution with q < 0 and satisfying the dominant
energy ondition represents a superinationary
5
(H˙ > 0) expanding universe
in a pre big bang era with time running from t0 to eventually t¯ = t0 −
4
The Hubble length is the proper distane from the observer of an objet the observer
sees moving with the osmologial expansion at the speed of light.
5
With standard FRW equations, q = 1, superinationary models are those with w < −1
[153℄.
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1/(ǫH0) > t0, where one enounters a singularity with innite sale fator
and vanishing energy density. Sine any path should be regarded as a model
with a limited time interval of validity, its long-range evolution is a true
problem only for well-established regimes. Anyway, we will onsider only
positive q, whih is the ase of all the known realisti osmologies, and ome
bak to this issue in Chapter 5.
For q > 0, the Hubble length is always nondereasing; therefore, ǫ =
R˙H ≥ 0. Moreover, we have a preise denition for the beginning of the
inationary era, sine
a¨
a
= (1− ǫ)H2 . (2.19)
A neessary and suient ondition for ination to start is ǫ(t) < 1, or, for
the barotropi index
w =
2
3q
ǫ− 1 , (2.20)
w(t) < 2/(3q)− 1. The end of ination is set by ǫ(t
end
) = 1.
Whenever osmologial equations an be applied both in the salar and
tahyon ase, the inaton eld will be generially indiated as ψ. Table 2.1
summarizes the three main osmologial regimes. For ompleteness, we have
also shown the de Sitter (dS) solution with onstant Hubble parameter, when
H = β0 = onst, a¨/a = β
2
0 > 0, and ination is driven by a osmologial
onstant with equation of state w = −1. Also, this ase an be obtained
via the formal limit q → 0. The de Sitter regime is the idealization of the
extreme slow-roll (ESR) approximation, ψ˙ ≈ 0. In this regime, the kineti
term of the salar ation is subdominant with respet to the potential itself
and H ≈ βqV q/2.
Regime q θ β2q wmax
dS 0 ∞ H2 −1
GB 2/3 −1 (κ25/16α)2/3 0
RS 2 1 κ24/6λ −2/3
4D 1 0 κ24/3 −1/3
Table 2.1: The energy regimes desribed in the text. The de Sitter ase an
be seen as the asymptoti osmology with q → 0. Here, w
max
is the maximum
value for the barotropi index (2.20) allowing ination.
2.2 The inationary setup
2.2.1 The ordinary salar eld φ
In the following we will onsider an expanding four-dimensional FRW at
universe lled with a minimally oupled homogeneous salar eld with energy
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density and pressure
ρ = 1
2
φ˙2 + V (φ) , (2.21)
p = 1
2
φ˙2 − V (φ) , (2.22)
and eetive equation of motion
φ¨+ 3Hφ˙+ V ′ = 0 , (2.23)
where V (φ) is the potential of φ, dots stand for synhronous-time derivatives
and a prime denotes φ derivative. From Eq. (2.15),
H˙ = −3
2
qβ2−θq H
θφ˙2 ; (2.24)
equivalently, we an regard H as a funtion of φ:
H ′
Hθ
= −3
2
qβ2−θq φ˙ , (2.25)
where the last passage is possible if φ varies monotonially with time. Equa-
tions (2.7), (2.10) and (2.21) then give
2
(3qβ2−θq )2
H ′2
H2θ
−
(
H
βq
)2−θ
+ V = 0 . (2.26)
Equations (2.7), (2.25) and (2.26) are the osmologial equations in the
Hamilton-Jaobi formulation; they are in agreement with the equations found
in the low energy limit [154, 155℄, in the Randall-Sundrum high-energy limit
[156℄, and in the Gauss-Bonnet high-energy limit [157℄.
2.2.2 The osmologial tahyon T
The deep interplay between small-sale nonperturbative string theory (espe-
ially in the eetive Born-Infeld ation formulation) and large-sale brane-
world senarios has raised the interest in a tahyon eld as an inationary
mehanism [158, 159℄. Subsequently, the problem has been studied in a more
osmologial fashion [160, 161, 162, 163, 164, 165, 166, 167, 168, 169, 170,
171, 172, 173, 174, 175, 176, 177, 178, 179, 180, 181, 182, 183, 184, 185, 186,
187, 188, 189, 190, 191, 192, 193, 194, 195, 196, 197, 198, 199, 200, 201℄.
Throughout this paper, a tahyon is by denition any salar eld T with
eetive ation S =
∫
d4xL and Lagrangian [67, 160, 202, 203, 204, 205℄
L = −V (T )
√
− det[gµν − f(T )∂µT∂νT ] . (2.27)
Here, gµν is the indued four-dimensional FRW metri on the brane, T is a
real salar eld with dimension [T ] = E−1, f is a funtion of T , and V is
the potential, whih is exat to all orders in the Regge slope α′ but at the
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tree level in gs. Without loss of generality we will assume that f(T ) = 1
and T = T (t) is homogeneous and monotoni, say, T˙ > 0. In the ase of a
D − D¯ system, the eld T is omplex due to the Chan-Paton struture, but
many of the following arguments will hold in this ase too. Often, the tensor
Gµν ≡ gµν − ∂µT∂νT is alled the tahyon metri.
We will leave the exat form of the potential unspeied, exept in Se.
2.5; if V were onstant, the model would orrespond to a brane lled with
a Chaplygin gas, p = −V 2/ρ, whih at late times behaves as an eetive
osmologial onstant (e.g., [206, 207℄). Otherwise, in general the potential
will have a maximum at T0 = 0 and a loal minimum V (T∗) = 0 either at
nite T∗ or at innity. In the latter ase, there are no osillations and a
reheating mehanism appears diult [168, 175℄.
The tahyon energy density and pressure read, respetively,
ρ =
V (T )
cS
, (2.28)
p = −V (T )cS = −V
2(T )
ρ
, (2.29)
where
cS ≡
√−w =
√
1− T˙ 2 , (2.30)
is the speed of sound. Note that when T˙ 2 → 1, the tahyon behaves as a
pressureless gas. The ontinuity equation (2.10) gives the equation of motion
T¨
1− T˙ 2 + 3HT˙ + U
′ = 0 , (2.31)
where U ≡ lnV (T ) is dierentiated with respet to T . Equation (2.15) then
gives
H ′
H2
= −3
2
qT˙ . (2.32)
By this equation and Eqs. (2.7) and (2.28), we have
4
(3qβ2−θq )2
H ′2
H2θ
−
(
H
βq
)2(2−θ)
+ V 2 = 0 . (2.33)
Equations (2.7), (2.32) and (2.33) are the Hamilton-Jaobi equations for the
tahyon; they agree with [157, 161℄.
We an give a physial interpretation of the tahyon Lagrangian (2.27),
that in our ase is
L = −a3V
√
1− 2ǫ/(3q) . (2.34)
The rst thing to note is that, if V 6= 0, the Lagrangian is dened only for
ǫ < 3q/2. This implies that all the osmologies with q ≤ 2/3 and a tahyon
on the brane with the above nonzero eetive Lagrangian experiene an a-
elerated expansion,
6
while those with q > 2/3 an be either aelerating or
6
This may be an early-Universe inationary phase as well as the present aeleration
period.
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deelerating, depending on the evolution of ǫ. The Gauss-Bonnet high-energy
regime is the limiting ase; this fat suggested a senario with an interest-
ing role for the tahyon [48℄, whih however seemed to have some problems
[187℄. Suppose that q ≤ 2/3 and, at some time t∗, the aelerated phase
stops, ǫ(t∗) = 3q/2: then the tahyon ation vanishes. In a string-theoretial
framework, when the tahyon reahes the minimum of the potential, the un-
stable D-brane on whih it lives annihilates and deays into the losed string
vauum. Put into another language, in the limit ǫ → 3q/2, the tahyon
metri beomes asymptotially Carrollian, Gµν ∼ −a2 diag(0, 1, 1, 1). This
property, alled Carrollian onnement [180, 208℄, holds for other tahyon
eetive metris. Sine in the Carroll limit there is no signal propagation,
again the string interpretation is that no open tahyoni modes an propagate
after the ondensation (see also [209℄).
On the other hand, it an be seen that the vanishing of the Lagrangian
(2.34) is not the end of the story by reformulating the theory in the anonial
formalism [205℄. Dening the onjugate omoving momentum density
ΠT ≡ 1√−g
∂L
∂T˙
=
V T˙√
1− T˙ 2
= ρT˙ , (2.35)
the density Hamiltonian H = ρ in the anonial variables is
H = ΠT T˙ − L =
√
Π2T + V
2 , (2.36)
whih is well dened in the ondensation limit. Moreover, in string theory
the absene of perturbative open modes translates to the fat that, near the
minimum of the potential, the string oupling gs = O(1), and the eetive
ation desription might fail down. Possibly, in a osmologial-brane ontext
the vanishing of the tahyon ation is a titious eet oming from the sim-
plied FRW equation (2.7) and the assoiated dynamis. Atually, a more
realisti model would have some implemented mehanism by whih, and de-
pending on the position of the minimum of the potential, the onsequent
osmologial evolution would experiene a (pre) reheating phase, or a tran-
sition to a salar-driven ination, in a time interval entered in t∗. Similar
onsiderations hold when q > 2/3 and the Hubble parameter goes through a
boost of the growth rate, reovering late post-inationary osmology.
Soon after the rst proposal by Gibbons [160℄, it beame lear that the
osmology based upon a rolling tahyon suers from a number of other
problems, inluding a small number of e-foldings, a diulty of reheat-
ing, and a large amplitude for density perturbations, that an be traed
bak to some ne-tuning requirements on the parameters of the model
[165, 166, 168, 171, 173, 177, 184, 187, 193℄. Lately it was shown in [188℄
that the problem of large density perturbations is solved by onsidering a
small warp fator in a warped metri. In addition, the problem of reheating
is overome by aounting for a negative osmologial onstant whih may
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appear by the stabilization of modulus elds [210℄. Finally, tahyon ina-
tion an help hybrid ination to take plae with natural initial onditions.
By these reasons, it is premature to exlude the tahyon as a andidate for
ination.
2.3 The slow-roll formalism
Aording to the inationary idea, an era of aelerated expansion is driven
by a salar eld slowly rolling down its potential into a loal minimum.
The use of the slow-roll formalism [211, 212, 213, 214℄ simplies the study of
many onsequenes of ination; however, it an also be onsidered as an ee-
tive notation for some reurrent dimensionless ombinations of osmologial
quantities, without imposing any ondition on their magnitude. We will keep
alling these parameters slow-roll in this ase, too. The most ommonly
used SR towers rely upon two dierent quantities, the geometrial Hubble
parameter H and the dynamial inaton potential V . We will name these
towers H-SR and V-SR, respetively, and explore some of their properties in
the general osmology (2.7). Other SR towers an be onstruted for parti-
ular osmologial senarios or analyses [48, 215, 216, 217, 218, 219, 220℄. We
will also onsider what happens in the ase of a tahyoni eld.
The notation we will use is the following. A subsript V will denote the
V-SR parameters, while the inaton eld will be indiated by its symbol as a
subsript. Expressions valid for both the salar elds will bear no subsript,
save eventually V .
2.3.1 H-SR parameters for an ordinary salar eld
The H-SR tower is dened as
ǫφ,0 ≡ ǫ , (2.37a)
ǫφ,n ≡
n∏
i=1
{
−d ln
[
(H ′H−θ)(i−1)
]
d ln a
}1/n
, n ≥ 1 , (2.37b)
where (n) is the nth φ derivative. For a salar eld, the rst three parame-
ters, whih are those appearing in all the main expressions for osmologial
observables, are
ǫφ ≡ ǫφ,0 = 3q φ˙
2/2
V + φ˙2/2
, (2.38)
ηφ ≡ ǫφ,1 = −d ln φ˙
d ln a
= − φ¨
Hφ˙
, (2.39)
ξ2
φ
≡ ǫ2
φ,2 =
1
H2
(
φ¨
φ˙
).
=
...
φ
H2φ˙
− η2
φ
. (2.40)
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The ondition ǫ ≪ 1 (ESR regime) permits to neglet the rst term in the
left-hand side of Eq. (2.26), that an be reast as
V (φ) =
(
1− ǫφ
3q
)(
H
βq
)2−θ
, (2.41)
while |ηφ| ≪ 1 is equivalent to assume the attrator solution φ˙ ≈ −V ′/3H
from Eq. (2.23). During our alulations, formulas ontaining the smallest
power of any of these parameters will be referred to as rst order SR. At
rst order SR it is possible to drop the seond derivative in the equation of
motion (2.23), the Hubble parameter an be onsidered almost onstant, and
the expansion beomes nearly exponential. This approximation is preisely
the ESR one.
Consequently, all the dynamial information is enoded in the SR param-
eters. Equation (2.24) an be rewritten in terms of ǫ, giving
φ˙2 =
2ǫφ
3q
(
H
βq
)2−θ
. (2.42)
Thus the salar eld behaves almost like an eetive osmologial onstant
in the SR approximation, w & −1.
Noting that H¨ = −HH˙(θǫφ + 2ηφ), we have
ǫ˙φ = 2Hǫφ
(
1
q
ǫφ − ηφ
)
, (2.43)
η˙φ = H
(
ǫφηφ − ξ2φ
)
. (2.44)
Dierentiation with respet to the salar eld yields ǫ′
φ,n = ǫ˙φ,n/φ˙ ; by Eq.
(2.42), the resulting prefator H/φ˙ an be expressed as
H
φ˙
= +
(
3qβ2−θq
2
Hθ
ǫφ
)1/2
, (2.45)
where the plus sign has been hosen in order to have a slow rolling down the
potential with φ˙ > 0. This is always possible by a redenition φ→ −φ.
A nal omment is in order: when dened, a SR tower is dynamial (i.e.,
does say something about the dynamis of the Hamilton-Jaobi equations)
either when onstraints on the form and magnitude of the SR parameters are
applied, or when distint SR denitions are related through the Hamilton-
Jaobi equations themselves. For example, the H-SR tower relies on the
parameter ǫ, whih is its fundamental ground; as far as one does not assume
any spei link between the Hubble parameter (and its derivatives) and the
elds living on the brane, it is lear there will be no knowledge about the
evolution of the system. However, when rewriting these H-parameters in
terms of φ˙ through the seond Hamilton-Jaobi equation, these parameters
beome dynamial. This ambiguity may lead to onfusion in some situations;
an interesting disussion on related issues an be found in [221℄.
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2.3.2 V-SR parameters for an ordinary salar eld
The H-SR hierarhy is an elegant instrument of analysis oming from the
Hamilton-Jaobi formulation of the equations of motion. However, in many
ases investigation starts from the inaton potential V and not from the
Hubble parameter, whose shape must be determined by the Hamilton-Jaobi
equations whih are not always readily solvable. So, it is onvenient to dene
another SR tower and try to relate it to the original one, namely,
ǫφV ,0 ≡ q
6β2q
V ′2
V 1+q
, (2.46a)
ǫφV ,n ≡ 1
3β2q
[
V (n+1)(V ′)n−1
V nq
]1/n
, n ≥ 1 , (2.46b)
where again we have introdued the rst parameter by hand. Therefore [222℄,
ǫφV ≡ ǫφV ,0 , (2.47)
ηφV ≡ ǫφV ,1 = 1
3β2q
V ′′
V q
, (2.48)
ξ2
φV
≡ ǫ2
φV ,2 =
1
(3β2q )
2
V ′′′V ′
V 2q
, (2.49)
and their derivatives with respet to the salar eld are
ǫ′
φV
= −qV
′
V
[(
1 +
1
q
)
ǫφV − ηφV
]
, (2.50)
η′
φV
= − q
2ǫφV
V ′
V
[
2ǫφV ηφV − ξ2φV
]
, (2.51)
where
V ′
V
= −
(
6β2q
q
ǫφV V
q−1
)1/2
. (2.52)
The onditions ǫV ≪ 1 and |ηV | ≪ 1 are neessary to drop the kineti
term in Eq. (2.7) and the aeleration term in Eq. (2.23), but they are
not suient. In general, this SR formalism requires a further assumption,
namely, φ˙ ≈ −V ′/3H , whih is easy enough to be satised. This determines
the minus sign in Eq. (2.52), provided φ˙ > 0.
2.3.3 H-SR parameters for a tahyon
In the tahyoni ase, the rst H-SR parameters are [see Eq. (2.14)℄
ǫT =
3
2
qT˙ 2 , (2.53)
η˜T = − T¨
HT˙
− T˙
H
(
V ′
V
+
1
1− T˙ 2
)
. (2.54)
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Equation (2.53) shows that tahyoni ination is similar to k-ination [223℄.
The ondition ǫT ≪ 1 orresponds to neglet the derivative term in Eq. (2.33)
and set H2 ≈ β2qV q: using Eqs. (2.7), (2.28) and (2.53), one gets
V 2(T ) =
(
1− 2ǫT
3q
)(
H
βq
)2(2−θ)
. (2.55)
However, the expression for η is not very preise from a dynamial point of
view beause the equation of motion has now a fator 1/(1 − T˙ 2), attahed
to the seond derivative, that should be taken into aount when negleting
the aeleration term. This suggests to redene the SR tower by introduing
ovariant derivation with respet to the tahyon metri:
ǫ¯T ,0 ≡ ǫ¯ ≡ ǫ , (2.56a)
ǫ¯T ,n ≡
n∏
i=1

− 1
1− T˙ 2
d ln
[(√
1−T˙ 2
V
H′
Hθ
)(i−1)]
d ln a

1/n
(2.56b)
=
n∏
i=1
 1w d ln
[(√
ǫ¯T ,0
)(i−1)]
d ln a

1/n
, n ≥ 1 , (2.56)
where in the last passage we have used Eqs. (2.53) and (2.32). From Eq.
(2.56) we have
η¯ ≡ ǫ¯T ,1 = − 1
1− T˙ 2
T¨
HT˙
, (2.57)
ξ¯2 ≡ ǫ¯2
T ,2 =
1
1− T˙ 2
1
H2
(
T¨
T˙
).
=
1
(1− T˙ 2)2
...
T
H2T˙
− η¯2 . (2.58)
Sine T˙ ∝ ǫ¯1/2, one an express any T derivative as a time derivative with a
purely geometrial fator in front. For example, ǫ¯′
T ,n = ǫ˙T ,n
√
3q/(2ǫ¯). These
expressions arry an extra ontribution due to the adopted SR denition,
by whih η¯ ≈ O[ǫ¯(1 + ǫ¯ + · · · )]. If one wants to keep the spirit of the SR
expansion, and neglet by denition these next-to-lowest order terms, one
may trade Eqs. (2.56) and (2.37) for an intermediate denition, by dropping
the overall fator in Eq. (2.56),
ǫT ,0 ≡ ǫ , (2.59a)
ǫT ,n ≡
n∏
i=1
{
−d ln
[
(H ′H−2)(i−1)
]
d ln a
}1/n
. (2.59b)
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Appliations of this SR tower will be seen in the following setions. Sine
ηT = −T¨ /(HT˙ ), one gets
ǫ˙T = −2HǫTηT , (2.60)
η˙T = H
(
ǫTηT − ξ2T
)
. (2.61)
2.3.4 V-SR parameters for a tahyon
From the SR approximation T˙ ≈ −U ′/3H and Eqs. (2.53) and (2.60), we
an guess the SR parameters as funtions of V :
ǫTV ≡ q
6β2q
U ′2
V q
, (2.62)
ηTV ≡ −ǫTV + 1
3β2q
U ′′
V q
. (2.63)
The omplete SR tower omes from the Hubble tower by substituting ǫT with
ǫTV and putting H = βqV
q/2
, thus getting
ǫTV ,0 ≡ ǫTV , (2.64a)
ǫTV ,n ≡ 1
3β2q
[
(U ′)n−1
V nq/2
(
U ′
V nq/2
)(n)]1/n
, n ≥ 1 . (2.64b)
Dierent SR parameters an be found in [165, 185℄. Note that
ǫ′
TV
= qU ′ηTV , (2.65)
η′
TV
= qU ′
(
ηTV +
ξ2
TV
2ǫTV
)
. (2.66)
2.3.5 SR towers and energy dependene
It is possible to relate the two SR towers by some simple energy-dependent
relations. Here we will restrit ourselves to the rst three parameters and
dene f ≡ 1/3q. From Eq. (2.41) we get the exat relation
ǫφV =
ǫφ
9
(3− ηφ)2
(1− fǫφ)1+q . (2.67)
Then, noting that V ′ = φ˙H(ηφ − 3) and
V ′′ = H2[3(ǫφ + ηφ)− η2φ − ξ2φ] , (2.68)
one has
ηφV =
(ǫφ + ηφ)− 13(η2φ + ξ2φ)
(1− fǫφ)q . (2.69)
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Finally, noting that V ′′′ = −3(θǫ2
φ
+3ǫφηφ+ ξ
2
φ
)H3+O(ǫ3
φ
), we obtain, to rst
H-SR order,
ǫφ ≈ ǫφV , (2.70a)
ηφ ≈ ηφV − ǫφV , (2.70b)
ξ2
φ
≈ ξ2
φV
− 3ǫφV ηφV + (3− θ)ǫ2φV . (2.70)
These equations allow us to shift from one hierarhy to the other, aord-
ing to the most onvenient approah. Both the SR towers show an expliit
dependene on the energy sale beause of the denitions, Eqs. (2.37) and
(2.46). Sometimes, this energy dependene an be hidden by proper manipu-
lations of the denitions; however, when dierentiating SR parameters, Eqs.
(2.43) and (2.50), the resulting SR ombinations ontain some fator q.
In the tahyon ase, from Eqs. (2.55), (2.32) and (2.53) one has
ǫTV =
ǫT
(1− 2fǫT )q/2
[
1− ηT
6(1− 2fǫT )
]2
. (2.71)
Then, using
ǫ′
T
= −H
√
2ǫT
f
ηT , (2.72a)
ǫ′′
T
=
H2
f
(
η2
T
+ ξ2
T
)
, (2.72b)
η′
T
=
H√
2fǫT
(
ǫTηT − ξ2T
)
, (2.72)
H ′ = −
√
ǫT
2f
H2 , (2.72d)
we get
ηTV =
1
(1− 2fǫT )q/2
[
ηT +
2ǫTηT − η2T − ξ2T
6(1− 2fǫT ) −
(24f + 1)ǫTη
2
T
36(1− 2fǫT )2
]
. (2.73)
Hene, to rst H-SR order,
ǫT ≈ ǫTV , (2.74a)
ηT ≈ ηTV , (2.74b)
ξ2
T
≈ ξ2
TV
+ 3ǫTV ηTV . (2.74)
2.3.6 All in a path
We an treat the ordinary salar and the tahyon on the same ground by
introduing the parameter
θ˜ = θ for the ordinary salar, (2.75a)
θ˜ = 2 for the tahyon. (2.75b)
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The Hamilton-Jaobi equations (2.41) and (2.55) are equal up to a seond-
SR-order term. They read
V (ψ) =
(
1− ǫ
3q
)
βθ−2q H
2−θ(ψ) +
(
θ − θ˜
)
O(ǫ2) , (2.76)
and
H ′(ψ) a′(ψ) = −3
2
qβ2−θ˜q H
θ˜+1(ψ) a(ψ) , (2.77)
where ψ = φ, T .
We an see that one an onstrut the H-SR tower of the tahyon dy-
namis from the salar-eld H-SR tower and vie versa. Equation (2.59) is
formally the same as Eq. (2.37) when expressed as a funtion of the veloity
eld ψ˙:
ǫn
ψ,n =
n∏
i=1
−d ln[ψ˙(i−1)]
d ln a
. (2.78)
Then
ǫ =
3qβ2−θ˜q
2
ψ˙2
H2−θ˜
=
2
3q
β θ˜−2q
H θ˜
(
H ′
H
)2
, (2.79a)
η = −d ln ψ˙
d ln a
= − ψ¨
Hψ˙
, (2.79b)
ξ2 =
1
H2
(
ψ¨
ψ˙
)·
. (2.79)
The evolution equations of the parameters with respet to synhronous time
are seond-SR-order expressions,
ǫ˙ = Hǫ
[(
2− θ˜
)
ǫ− 2η
]
, (2.80a)
η˙ = H
(
ǫη − ξ2) . (2.80b)
2.3.7 The horizon-ow parameters
Other denitions of the SR tower may have only impliit energy dependene
through Eq. (2.7). For example, it may be onvenient to introdue the
horizon-ow (HF) parameters [215, 216℄, dened by
ǫ0 =
Hinf
H
, ǫi+1 =
d ln |ǫi|
dN
, i ≥ 0 , (2.81)
where Hinf is the Hubble rate at some hosen time and N ≡ ln(a/ai) is
the number of e-folds; here ti is the time when ination begins.
7
As it
7
Note that our denition, whih ounts N forward in time, is in aordane with
[215℄, where N(ti) = 0 and goes up to N(t) > 0. This is in ontrast with the bakward
denition of [216℄, where N = ln(af/a) is the number of remaining e-folds at the time t
before the end of ination at tf . In Ses. 2.4 and 4.6 we will adopt the bakward notation.
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was shown in [221℄, these parameters (and others similarly dened) do not
properly enode inationary dynamis even if they provide a good algorithm
for reonstruting the inationary potentials. In fat, beause of the absene
of the 1/n power, the denition (2.81) does not permit a power trunation
similar to that of the traditional SR towers, unless one imposes a onstraint
suh as ∂ i¯+1H = 0 and ∂ i¯H 6= 0, for some maximum i¯.
The evolution equation for the HF parameters is given by
ǫ˙i = Hǫiǫi+1 . (2.82)
The HF parameters are related to the rst SR parameters, as
ǫ1 = ǫ , (2.83a)
ǫ2 =
(
2− θ˜
)
ǫ− 2η , (2.83b)
ǫ2ǫ3 =
(
2− θ˜
)2
ǫ2 − 2
(
3− θ˜
)
ǫη + 2ξ2 . (2.83)
2.4 e-foldings and inationary attrator
The number of e-foldings, dened as N(t) =
∫ t∗
t
H(t′)dt′, measures the
amount of ination from the time t, when a perturbation with omoving
wave number k(t) = a(t)H(t) rosses the horizon, to the end of ination at
t∗. A typial good number of e-foldings is ≈ 50− 70 and many inationary
models have quite a larger total N . Sometimes it is useful to perform the
integral in the osmologial eld; from Eq. (2.79a) one gets
N(t) = −3q
2
∫ ψ∗
ψ(t)
dψ
H θ˜+1
H ′
=
∫ ψ∗
ψ(t)
dψ
(
3q
2
H θ˜
ǫ
)1/2
, (2.84)
where βq = 1. Sine k(ψ) = H(ψ)a(ψ) = a∗H(ψ) exp[N(ψ)], the logarithmi
sale dependene of the eld is exatly
dψ
d ln k
=
ψ˙
(1− ǫ)H . (2.85)
The preditiveness of ination depends on the behaviour of osmologial solu-
tions with dierent initial onditions. If there exists an attrator behaviour
suh that the dierenes of these solutions rapidly vanish, then the ina-
tionary (and post-inationary) physis will generate observables whih are
independent of the initial onditions. Let Ho(ψ) > 0 be a generi expand-
ing solution (denoted with the subsript o) of the Hamilton-Jaobi equation
(2.76) and onsider a linear perturbation δH(ψ) whih does not reverse the
sign of ψ˙ > 0. From the linearized equation of motion, exatly in the SR
parameters, the perturbation is
δH(ψ) = δH(ψo) exp
{(
3q
2
)2 ∫ ψ
ψo
dψ
[
(2− θ)
(
1 +
θ
3
ǫ
)]
H θ˜+1o
H ′o
}
. (2.86)
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All linear perturbations are exponentially damped when the integrand is
negative denite and, sine H ′o and ψ˙ have opposing signs when q is positive,
this ours when the term inside square brakets is positive. There are three
ases:
1) 0 < θ < 2 (q > 1) : It must be ǫ > −3/θ. This ondition is always
satised, beause ǫ is positive, and it means that all linear perturbations
die away at least exponentially when inationary solutions approah one
another towards the attrator;
2) θ = 0 (q = 1) : The integrand is proportional to Ho/H
′
o < 0, and any
linear perturbation is suppressed;
3) θ < 0 (0 < q < 1) : The damping is ahieved when ǫ < 3/|θ|, that is for
any inationary solution with q > 2/5.
All these ases enlose previous omputations in literature: [155, 181℄ for
the 4D osmology, [224℄ for the Randall-Sundrum high-energy regime, and
[157℄ for the full Gauss-Bonnet osmology. By Eq. (2.84), assuming the
slow-roll approximation ǫ ≈ onst, the inationary attrator translates into
the ondition
δH(ψ) ≈ δH(ψo) exp [− (3 + θǫ)N ] . (2.87)
For a given number of e-foldings and θ > 0 (RS ase), we obtain an enhaned
damping with respet to the 4D ase, while for θ < 0 (GB ase) the strength
of the attrator is somehow milder. In the ase θ > 2 (q < 0), that is when
H ′o and ψ˙ have onording signs, linear perturbations are suppressed when
ǫ > −3/θ; both the sides of this inequality are negative and in general this
relation will not be true. When it is satised, we obtain an aelerating
universe with both dereasing Hubble length and energy density, that is
a superinationary universe. For ompleteness we note that, ontrary to
what happens in 4D osmology, for general q it is possible to have both a
ontrating sale fator and perturbation damping, as it is lear from Eq.
(2.86).
We will not address the issue of how eient ination an be; this prob-
lem has been studied by many authors under several perspetives. For in-
stane, in the 4D regime, a tahyoni inationary period turns out to be too
short, with a number of e-folding N = O(10) and an early nonlinear regime,
δρ/ρ ≫ 1 [165, 166, 168℄. This has suggested the viability of a short tahy-
oni ination as a means to provide natural initial onditions for a standard
salar inationary period,
8
similarly to what happens in fast-roll ination
[225℄. In this sense, a tahyon is not suient by itself; nevertheless, the
study of its dynamis is worth of investigation, sine in other senarios, suh
as Randall-Sundrum, things an go better than in the four-dimensional ase
[177, 184℄. It is important to stress again that the analysis of this setion is
not suient to explore all these topis, sine we have little onstrained the
8
Then, this standard ination lasts a suient number of e-folding and dilutes the
perturbation struture generated by the tahyoni phase.
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physis involved. This would require the knowledge of the potential and, of
ourse, the gravity framework; perhaps, the most dramati lak is a ondi-
tion stating when the onnement of the eld on the brane is reliable. These
onsiderations are partiularly true in the Gauss-Bonnet senario, in whih
the damping ondition is ritial; see, e.g., [48, 187℄.
As a nal remark, we note that Eq. (2.87) roughly enodes the eets
oming from extra dimensions in a term proportional to θ inside the expo-
nential. For one nonompat extra dimension, this term ontributes at most
±N extra e-foldings, both the sign and magnitude depending on whether
the bulk physis in a given energy regime either enhanes or opposes the
braneworld inationary expansion. It would be interesting to interpret this
result as a general feature of braneworld models and relate the parameter
|θ| to the geometrial setup of the system (number of extra dimensions and
nonompat diretions, number of branes and their onguration, et.); this
hek would require onrete gravity models with nonstandard Friedmann
equations, whih is beyond the sope of the present work.
2.5 Exat solutions
So far we have left undetermined the form of the potential V (ψ). Investi-
gation with a few examples shows that, in general, there exists a mapping
between salar and tahyon potentials, in the sense that, hosen a time de-
pendene for the sale fator a(t), from the Hamilton-Jaobi equations (2.41)
and (2.55) there an be found potentials that solve exatly the osmologial
equations in the two ases [163, 164, 170℄. We are going to see this in some
detail in this setion. The sheme to follow is: (i) from a(t), nd H(t) and
the rst SR parameter; (ii) from Eqs. (2.41) and (2.55), nd V (t); (iii)
from Eqs. (2.42) and (2.53), nd ψ(t) and the other SR parameters; (iv)
substitute t = t(ψ) to nd V (ψ). In general, the initial time t0 will not be
the origin of time beause eah solution will be exat in a given path and
not in the entire ar of time from the big bang singularity to, say, the end
of ination. For immediate referene, we summarize the lasses of solutions
found for the three main energy regimes in Tables 2.2, 2.3, 2.4 and 2.5. The
spae of parameters is hosen in order to have positive q, positive potentials,9
real inaton elds, and a stritly expanding universe; ontrating ases will
be disussed briey.
2.5.1 Ordinary salar eld models
The two lasses of models we are going to study have been widely used in
literature. Let us start with a power-law sale fator,
a(t) = tn , H =
n
t
, n > 0 . (2.88)
9
Negative potentials have been studied, e.g., in [225, 226℄. Note that the equation of
motion of the tahyon possesses a symmetry V → −V .
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Regime C φ(t) B V (φ)
GB t−1/2 φ6
4D ln t/t0 exp(−
√
2κ24/n φ)
RS2 t1/2 φ−2
Table 2.2: Exat osmologial solutions for an expanding sale fator a(t) =
tn and an ordinary salar eld. Here, n > 1/3q > 0 and φ0 = 0. B and C
are proportionality oeients depending on q and n.
Regime γ C φ(t) B V (φ)
GB 3/2− n tn−1/2 [1 +Dφ2n/(1−2n)] φ6(n−1)/(2n−1)
GB 1 ln t/t0 [1 +D exp(−C2 φ)] exp(−3C2 φ)
4D 1− n/2 tn/2 (1 +Dφ−2)φ4(n−1)/n
RS2 1/2 t1/2 (1 +Dφ−2n)φ2(n−1)
Table 2.3: Exat osmologial solutions for an expanding sale fator a(t) =
exp(ptn) and an ordinary salar eld, with γ = n/2+(1−n)/q. Here, n < 1,
sgn(p) = sgn(n), and φ0 = 0. B, C and D are proportionality oeients
depending on q, n and p.
The SR parameters are
ǫφ = q ηφ =
√
q ξφ =
1
n
, (2.89)
and the potential is
V (t) =
(
1− 1
3qn
)(
n
βqt
)2/q
, n >
1
3q
. (2.90)
Now, sine φ˙2 = 2n1−θ/(3qt2−θ), we must disuss the ase θ = 0 (q = 1)
separately. If 0 < q 6= 1, then
φ(t) =
2
θ
(
2
3qn
)1/2(
n
βq
)1/q
tθ/2 , (2.91)
and
V (φ) = Aq,n φ
−4/(qθ) , (2.92)
where Aq,n is a oeient depending on q and n. Note that the potential is
divergent in φ = 0 if q > 1.
If q = 1, we obtain the 4D power-law model [227, 228℄,
φ(t) = φ0 +
(
2n
3β21
)1/2
ln
(
t
t0
)
, (2.93)
V (φ) =
(
1− 1
3n
)(
n
β1t0
)2
exp
[
−
(
6β21
n
)1/2
(φ− φ0)
]
. (2.94)
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Regime C T (t) B V (T )
GB t T−3
4D t T−2
RS2 t T−1
Table 2.4: Exat osmologial solutions for an expanding sale fator
a(t) = tn and a tahyon eld. Here, n > 2/3q. B and C are proportionality
oeients depending on q and n.
Regime C T (t) B V (T )
GB t1−n/2
[
1 +DT 2n/(n−2)
]1/2
T 6(n−1)/(2−n)
4D t1−n/2
[
1 +DT 2n/(n−2)
]1/2
T 4(n−1)/(2−n)
RS2 t1−n/2
[
1 +DT 2n/(n−2)
]1/2
T 2(n−1)/(2−n)
Table 2.5: Exat osmologial solutions for an expanding sale fator a(t) =
exp(ptn) and a tahyon eld. Here, n > 2/3q. B, C andD are proportionality
oeients depending on q and n.
There are no ontrating solutions.
Now, onsider a sale fator of the form
a(t) = exp(p tn) , H = pn tn−1 , sgn(p) = sgn(n) , (2.95)
with
V (t) =
(
1 +
n− 1
3qpn
t−n
)(
pn
βq
)2/q
tn−2γ , (2.96)
where 2γ = n+ 2(1− n)/q; again, φ˙ = Aq,p,nt−γ, with
Aq,p,n =
(
2(1− n) (pn)1−θ
3qβ
2/q
q
)1/2
, (2.97)
real if q > 0 and n < 1. So,
ǫφ =
1− n
pn
t−n , ηφ =
γ
pn
t−n , ξ2
φ
=
γ
p2n2
t−2n . (2.98)
Note that the SR parameters derease in time and ination does not naturally
end. The reality of the oeient (2.97) guarantees the weak energy ondition
(ρ + p ≥ 0, ρ ≥ 0) if t0 > n
√
(1− n)/(3qpn); from Eq. (2.98) it then
follows that we get ination from the very beginning only if q < 1/3. Same
onsiderations are applied for the tahyoni ounterpart, with an additional
fator of 2 inside the root and a ondition q < 2/3. If γ 6= 1, then
φ(t) =
Aq,p,n
1− γ t
1−γ , (2.99)
V (φ) =
[
Bq,p,n + Cq,p,nφ
n/(γ−1)] φ(n−2γ)/(1−γ) . (2.100)
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In partiular, q = 2, γ = 1/2 orresponds to the solution for the Randall-
Sundrum regime, while for q = 1, γ − 1 = −n/2, one reovers the 4D
intermediate ination of [229, 230℄.
If γ = 1, then 0 6= θ 6= 1, n = n¯ = θ/(θ − 1) and
φ(t) = φ0 + A¯q,p ln
(
t
t0
)
, (2.101)
V (φ) =
{
B¯q,p + C¯q,p exp
[
− n¯
A¯q,p
(φ− φ0)
]}
× exp
[
−2(1− n¯)
qA¯q,p
(φ− φ0)
]
. (2.102)
This solution an be applied to just one physially known ase, namely, the
Gauss-Bonnet regime, with n¯ = 1/2. The ontrating solutions are: p < 0,
0 < n 6= 1 (the ase γ = 1 is possible only when 0 6= q < 1, q > 2); p > 0,
n < 0 (the ase γ = 1 is possible only when 1 < q < 2).
2.5.2 Tahyon eld models
With the power law (2.88), the tahyon eld is
T (t) =
(
2
3qn
)1/2
t , sgn(n) = sgn(q) , (2.103)
and the SR parameters read
ǫT =
1
n
, ηT = ξT = · · · = 0 ; (2.104)
the potential is
V =
(
1− 2
3qn
)1/2(
n
βqt
)2/q
(2.105)
=
(
1− 2
3qn
)1/2(
2n
3qβ2q
)1/q
T−2/q , n >
2
3q
> 0 . (2.106)
In order to onnet this osmologial solution with string theory, we must
take are both of the maximum and the minimum of the potential. As regards
the maximum at T0 = 0, if q > 0 then the potential (2.106) diverges; as it
was shown in [164℄, it is possible to regularize V and keep an approximated
power-law sale fator (2.88). However, the onstane of the kineti term,
T˙ =
√
2/3qn < 1, whih does not satisfy the onditions T˙ (t0) = 0 and
T˙ (t∗) = 1, suggests to regard this solution as an intermediate time model
desribing the rolling of the tahyon down its potential, between the very
beginning and the asymptoti regime with a pressureless tahyon dust and
n = 2/(3q). The power-law salar model with onstant SR parameters, Eq.
(2.89), suers from the same graeful-exit problem.
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In the ase of an exponential sale fator, Eq. (2.95), the rst SR param-
eters are
ǫT =
1− n
pn
t−n , ηT =
1
2p
t−n , ξ2
T
=
1
2p2n
t−2n , (2.107)
and the potential is
V (t) =
[
1 +
2(n− 1)
3qpn
t−n
]1/2(
pn
βq
)2/q
t2(n−1)/q . (2.108)
Sine T˙ 2 = [2(1 − n)/(3qpn)] t−n, one has a real expanding solution when:
p > 0 and 0 < n < 1; p < 0 and n < 0. If n 6= 2, the solution is
T (t) =
2
2− n
[
2(1− n)
3qpn
]1/2
t1−n/2 , (2.109)
V (T ) =
[
Bq,p,n + Cq,p,nT
2n/(n−2)]1/2 T 4(n−1)/[q(2−n)] . (2.110)
If n = 2, then T˙ 2 = −t−2/(3qp) and p < 0. The solution is
T (t) = T0 +
(−1
3qp
)1/2
ln
(
t
t0
)
, (2.111)
V (T ) =
{
1 +
1
3qpt20
exp[−2
√
−3qp (T − T0)]
}1/2
×
(
2pt0
βq
)2/q
exp
[
2
√−3p
q
(T − T0)
]
. (2.112)
In the three osmologies of interest, this solution is ontrating. Other exat
models an be found in [185, 186℄.
It is possible to relate the solutions of the exponential model (2.95) to
those of the power-law model. In the former ase, the dynamial equations
are V ∝ (1 +A t−n) t2(n−1)/q and ψ˙ ∝ t−λ, where λ = −(n/2) + (n− 1)/q for
the salar eld and λ = −n/2 for the tahyon. In the limit n → 0, that is
when the index of the equation of state w → onst, both the models formally
approah the power-law solution with V ∝ t−2/q and φ˙ ∝ t−1/q , T˙ ∝ onst.

3Cosmologial perturbations and
braneworld spetra
Philolaus puts re in the middle, around the entre, whih he alls
furnae of everything and abode of Zeus and mother of the gods and
altar and juntion and measure of nature. And then another re at the
top, surrounding the whole.
 Aëtius (ed. H. Diels), Doxographi graei, II 7,7
The advantage of ombining the osmologial path approah with the SR
formalism is to provide, at least in ertain situations, a unique treatment of
physial phenomena for a number of energy regimes. In this hapter we show
an example of this mehanism by disussing the spetra of linear osmologial
perturbations generated by an inationary era.
Quantum utuations of the salar eld governing the aelerated era are
inated from Plank (ai ∼ l4 ≈ 10−35m) to osmologial sales (af & l4e60 ≈
60 p) beause of the superluminal expansion. They onstitute the seeds of
both the small anisotropies observed in the mirowave sky and the large-sale
nonlinear strutures around whih gravitating matter organizes itself. Suh
utuations are oupled to those experiened by the graviton bakground.
For an introdution of the subjet in the general relativisti ase, see [77℄.
In the most ommon 4D situation, the metri is perturbed by a linear
ontribution gµν → gµν + δgµν whih an be deomposed as
δgµν = A(µν)gµν + V
ig0i + F
i, jgij + hµν , (3.1)
where Greek indies run from 0 to 3, Latin indies are purely spatial, a omma
denotes ovariant derivative, and {A(µν)}, {V i, F i}, and hµν are salar, ve-
tor, and tensor quantities, respetively. The three types of perturbations are
independent and an be treated separately. Negleting vetor perturbations,
whih are damped during ination, we are left with salar and tensor per-
turbations, desribing the matter and gravitational soures of the spetrum,
respetively.
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The standard proedure to adopt in order to ompute the perturbation
spetrum is: (i) Write the linearly perturbed metri in terms of gauge-
invariant salar or tensor quantities; (ii) Compute the eetive ation of
the salar eld utuation and the assoiated equation of motion; (iii) Write
the perturbation amplitude as a funtion of an exat solution of the equation
of motion with onstant SR parameters; (iv) Perturb this solution with small
variations of the parameters.
The SR formalism gives good ontrol over the theoretial shape and am-
plitude of osmologial perturbations. Here we shall restrit ourselves to the
linear rst-order approah [231, 232, 233℄, although it is possible to extend
the disussion to seond-order perturbations [234, 235, 236℄, nonlinear per-
turbations [155, 237℄, and even to a nonperturbative setup [238, 239, 240℄.
The latter ase will be onsidered in Appendix B.
The 5D Einstein equations for a brane with an isotropi uid embedded
in an AdS bulk are very ompliated due to both the great number of de-
grees of freedom for the osmologial perturbations and the nonloal physis
oming from the possibility for Kaluza-Klein (KK) gravitational modes to
propagate and interat throughout the whole spaetime. Braneworld alu-
lations for the perturbation spetra are muh more involved beause of the
ompliated geometrial tissue and only general formalisms or approximated
approahes have been explored so far. For this reason, while the setup has
been established [138, 241, 242, 243, 244, 245, 246, 247, 248, 249, 250, 251℄,
a full 5D spetrum amplitude has not been alulated yet for either salar
or tensor modes, exept in the ase of some partiular senarios, for exam-
ple, just to mention a few possibilities, those in whih the brane is de Sitter
[51, 147, 252, 253, 254℄ or in the large-sale limit [243, 244, 247, 255℄.
We an arry out our alulation with little eort by making a somewhat
drasti simpliation. In partiular, in Chapter 2 we hose to neglet the
projeted Weyl tensor. This loses the system of equations allowing us to
study brane physis without nonloal ontributions from the bulk. During
ination this is onsistent with the suppression of the dark radiation term at
the lassial level. The good news are that this holds also for the quantum
perturbations: if one hooses a onformally at bakground, ρE = Ea−4 = 0,
the utuation of dark radiation suers an exponential damping during ina-
tion, δρE ∝ a−4 ∼ exp(−4Ht). This oversimplied bakground is justied by
noting that any improvement of the physis would only onrm the breaking
of degeneray between standard and braneworld onsisteny equations [256℄,
whih will be one of our main points. The softness of this breaking and its
evidene will strongly depend on the physis, so we annot say hardly any-
thing a priori about its size in more ompliated senarios. However, as a last
remark, it is important to notie that the eet of this extra physis (utua-
tions in Weyl omponent and anisotropi stress in a high-energy regime) will
be more enhaned at small sales, sine in a onformally and spatially at
bakground it only mildly aets the density perturbations and spetrum
at large sales, k ≪ aH [146, 147, 148, 149, 150, 151℄. Sine inationary
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dynamis dominates the large-sale perturbation spetrum, in our ontext
we will expet to nd results whih are lose to the true answer oming
from a omplete omputation of the full Einstein equations with boundary
onditions.
In order to get some general and immediate results we onsider two further
assumptions:
1) The ontribution of the anisotropi stress is negleted;
2) We onentrate on the large-sale limit of the osmologial perturba-
tions.
The rst assumption redues the number of degrees of freedom of gauge-
invariant salar perturbations in the longitudinal (onformal Newtonian)
gauge [245℄. As regards the seond approximation, the long wavelength re-
gion of the spetrum, orresponding to the Sahs-Wolfe plateau, enodes the
main physis of the inationary era.
3.1 General spetra and observables
By denition, the 4D spetral amplitude generated by the kth mode of the
perturbation Φ is
A2Φ ≡
2k3
25π2
〈|Φk|2〉∣∣∣∗ , (3.2)
where angle brakets denote the vauum expetation value of the perturba-
tion, the subsript k indiates the kth Fourier mode of
Φ(x) =
∫
d3k
(2π)3/2
Φk(t)e
ik·x, (3.3)
and the expression is evaluated at the horizon-rossing time dened by
k(t∗) = a(t∗)H(t∗). The quantity Φ bears no ovariant indies and there-
fore is a salar.
The vauum state in whih the amplitude (3.2) is evaluated is by de-
nition empty of partiles at some initial time ti with respet to bakground
omoving oordinates. Sine this state is an attrator solution of the wave
equation in de Sitter spae, atually it is independent of the hoie of ti.
In the ase of the salar spetrum (subsript s), Φ = R is the urvature
perturbation on omoving hypersurfaes, generated by the salar eld lling
the early Universe. Given a eld ψ = φ, T on the brane, this is
R = −Ψ4 −Hδψ
ψ˙
, (3.4)
to linear order, where Ψ4 = −δa/a is the gauge-invariant potential perturb-
ing the spatial part of the metri. Note that at large sales the urvature
perturbation is onserved,
R˙ ≈ H
ρ+ p
δp
nad
= 0 , (3.5)
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sine the nonadiabati pressure perturbation δp
nad
≡ p˙ [(δp/p˙)− (δρ/ρ˙)] van-
ishes identially for a uid with a well-dened equation of state p = p(ρ),
whih is the ase of the salar eld ψ.
For the gravitational spetrum (subsript t), Φ denotes the oeient
funtions of the zero mode h
(0)
µν (x) of the 4D polarization tensor.
Negleting the ontribution of the Weyl tensor and the total anisotropi
stress, the system of equations loses on the brane and the number of gauge
degrees of freedom onveniently redues for longitudinal salar perturbations;
moreover, bulk eets are suppressed in the long wavelength limit, k ≪
aH . In this ase one an rely on the 4D Mukhanov equation on the brane
[233, 257, 258℄, (
d2
dη2
+ k2 − 1
z
d2z
dη2
)
uk = 0 , (3.6)
where derivatives are with respet to onformal time
1
η ≡
∫
dt
a
= − 1
(1− ǫ)aH , (3.7)
and uk are the oeients of the plane wave expansion of the anonial
variable
u = −zΦ . (3.8)
The funtion z depends on the eld ψ, h one is onsidering and ontributes
to the eetive mass of the ovariant perturbation indued by the original
osmologial frition term in the bakground equation of motion. For a
perfet uid, the squared funtion z is
z2 ≡ ζq (ρ+ p)a
2
H2
= ζq
(1 + w)a2
β2−θq Hθ
, (3.9)
where ζq is a proportionality oeient related to the eld Φ.
The region k2 < d2ηz/z haraterizes the squeezing phase in whih per-
turbations are desribed by stationary plane waves with xed k-independent
phase. At k2 = d2ηz/z, that is when k ≈ aH approximately, perturbations
freeze out of the horizon and their amplitude remains onstant up to the
rerossing.
Note that the projetion of a nonvanishing Weyl tensor only adds a soure
term in Eq. (3.6) [151℄, whih an be absorbed in the denition of z [256℄.
Anyway, the assumptions made above are well motivated and we do not
expet to nd strange surprises in the dynamial and quantum behaviour of
the perturbations as long as we keep the disussion at large sales.
The amplitude (3.2) beomes
A2Φ =
2k3
25π2
|uk|2
z2
. (3.10)
1
Although the symbol η has already been used for the seond SR parameter, this one
will always bear the subsript of the salar eld in any plae where there might be some
onfusion.
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The Mukhanov equation is exatly solvable for osmologies with onstant SR
parameters. In this ase we will see that d2ηz/z ∝ η−2. Setting
ν2 ≡ 1
4
+ η2
1
z
d2z
dη2
, (3.11)
Eq. (3.6) an be rewritten as[
d2
dη2
+ k2 − (ν
2 − 1/4)
η2
]
uk = 0 . (3.12)
With onstant ν, the solution of this equation is |uk| ∝ (−η)1/2H(1)ν (−kη),
where H
(1)
ν is the Hankel funtion of the rst kind of order ν. Sine, as we
shall see, ν ≈ 3/2 +O(ǫ) is a ombination of SR parameters, this expression
desribes a osmologial solution with onstant SR parameters; in fat, path
power-law ination has this feature.
In the long wavelength limit, k/(aH)→ 0, when the mode with omoving
wave number k is well outside the horizon, the appropriately normalized
solution beomes
|uk| = 2
ν−3/2
√
2k
Γ(ν)
Γ(3/2)
(−kη)−ν+1/2 , (3.13)
where evaluation at the horizon rossing k = aH is understood. If the SR
parameters are small, then they are onstant to leading order beause their
derivatives are higher order. It is then reasonable to solve the Mukhanov
equation with exatly onstant SR parameters and perturb the obtained
solution. Expanding the solution (3.13) to the same SR order of ν one gets
|uk| ≈ [1− C(ν − 3/2)](−kη)
−ν+1/2
√
2k
, ν − 3/2≪ 1 , (3.14)
where C = γ + ln 2 − 2 ≈ −0.73 is a numerial onstant (γ is the Euler-
Masheroni onstant) oming from the expansion
2x
Γ(x+ 3/2)
Γ(3/2)
≈ 1− Cx , x≪ 1 .
To lowest SR order, the resulting amplitude is
A2Φ =
(
k
5πz
)2
. (3.15)
Finally, we dene the spetral indies [212℄ and their runnings [259℄ as
ns − 1 ≡ d lnA
2
s
d ln k
, nt ≡ d lnA
2
t
d ln k
, (3.16)
αs ≡ dns
d ln k
, αt ≡ dnt
d ln k
. (3.17)
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At lowest SR order one an use the relation
d
d ln k
≈ d
Hdt
. (3.18)
The denition (3.16) allows to write down the amplitudes as powers of the
omoving sale k of the perturbation within some interval ∆k entered on k:
A2s(k) ≈ A1kns−1 , A2t (k) ≈ A2knt , (3.19)
where A1 and A2 are onstants. The dierene in the ondition of sale
invariane between salar and tensor spetra (ns = 1 and nt = 0) is just a
historial onvention.
2
The last observable we dene is the tensor-to-salar ratio
r ≡ A
2
t
A2s
. (3.20)
Very often it is resaled and dubbed as R ≡ 16r.
3.2 Salar perturbations
The salar eld is onned on the brane and the eetive ation giving the
equation of motion reprodues standard four-dimensional osmology. Quan-
tum utuations of the brane eld generate salar perturbations that an be
treated in the way skethed above. In this ontext the salar perturbation is
found to be the same as the one in the usual 4D bakground.
The main point we rely on is the independene of the behaviour of ur-
vature perturbations from the gravitational part of the ation at suiently
large sales [255, 262℄. It is then possible to onsider a linearly perturbed
eetive 4D metri with the same number of gauge degrees of freedom and
borrow part of the standard perturbative formalism. The perturbed 5D met-
ri in the longitudinal gauge reads
ds25 ≈ (1+2Φ5) dt2−a2(t)[(1−2Ψ5)δij+2E, ij ] dxidxj+2B, idxidt−dy2, (3.21)
where Φ5, Ψ5, E, and B are gauge-invariant salars and y is the extra dire-
tion.
In the ase of the ordinary salar quantum eld
ϕ(t,x) = φ(t) + δφ(t,x) , (3.22)
deomposed into the homogeneous bakground eld φ(t) = 〈ϕ(x)〉 and its
utuation δφ(t,x), the 5D equations of motion in a RS braneworld with
2
Sale-invariant spetra are often alled Harrison-Zel'dovih [260, 261℄.
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brane-bulk exhange, Eq. (2.11), are
φ¨+ 3Hφ˙+ V ′ +
rB
φ˙
= 0 , (3.23)
δ¨φ− a−2∇2δφ+ 3H ˙δφ+ V ′′δφ− (Φ˙5 + 3Ψ˙5)φ˙+ 2Φ5V ′ + 2Φ5 rB
φ˙
= 0 .
(3.24)
If the anisotropi stress vanishes, then Φ5 and Ψ5 oinide with the gauge-
invariant salar potentials Φ4 and Ψ4, respetively. By setting an empty bulk
(rB = 0), one reovers the ordinary 4D equations. In the large-wavelength
limit, k ≪ aH , the four-dimensional perturbed metri indued on the brane
is the standard one,
ds24
∣∣∣
brane
≈ (1 + 2Φ4) dt2 − a2(t)(1− 2Ψ4)δij dxidxj . (3.25)
Then one an perform pure four-dimensional alulations, for example by
the methods of [233℄, and obtain the Mukhanov equation (3.6). As one an
easily hek, the only new ingredient omes from the Friedmann relation
(2.7) between the Hubble parameter H and the energy density ρ. Another
derivation of the Mukhanov equation is disussed in Appendix B.
This equation an be solved exatly by a osmology with onstant slow-
roll parameters; from Se. 2.5 we know we have suh solutions at our disposal.
Even the full models outside the path approximation possess exat solutions
with onstant or almost onstant SR parameters, an important feature for
onstruting perturbation amplitudes. As an example, in Appendix A we
see how the exat Randall-Sundrum solutions found in [156℄ satisfy this re-
quirement asymptotially in time. By perturbing the exat solution with
respet to small variations of the SR parameters, one gets the salar spetral
amplitude.
3.2.1 The ordinary salar eld φ
The lowest-order salar amplitude an be diretly derived from the utu-
ation spetrum of a massless salar eld outside the horizon, by quantizing
the lassial eld (3.22) and imposing equal-time ommutation relations in
urved (atually, de Sitter) spaetime [263℄,
[ϕ(x1, t), ϕ(x2, t)] = 0 = [Πϕ(x1, t), Πϕ(x2, t)] , (3.26a)
[ϕ(x1, t), Πϕ(x2, t)] = ia
3δ(3)(x1 − x2) , (3.26b)
where Πϕ = ϕ˙ is the onjugate momentum density. The Fourier transform
of the utuation an be written as a ombination of harmoni osillators,
δφk(t) = wk(t)ak + w
∗
k(t)a
†
−k , (3.27)
where wk is a omplex funtion of k = |k| and the reation-annihilation oper-
ators satisfy the anonial equal-time ommutation relations, [ak1 , a
†
k2
]t1=t2 =
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δk1k2 , et. Sine δφ
†
k
= δφ−k, the quantum operator ϕ(x) is hermitian. Near
horizon exit, a = k/H , and with negligible variation of H , the utuation
amplitude turns out to be
〈|δφk|2〉 = |wk|2 = H
2
2k3
. (3.28a)
The salar amplitude is
A2s =
4
25
H2
φ˙2
Pφ , (3.28b)
where
Pφ ≡ k
3
2π2
〈|δφk|2〉 =
(
H
2π
)2
. (3.29)
Note that this omputation does not involve the Friedmann equation, Eq.
(2.7), but only the 4D equation of motion (2.23). As a funtion of the
potential, the amplitude (3.28) an be written to lowest SR order as
A2s(φ) ≈
9β6q
25π2
V 3q
V ′2
. (3.30)
3.2.2 The tahyon eld T
In a string-theoretial setup, the quantization of the tahyon Lagrangian
(2.27) is a deliate and nonompletely explored subjet; in partiular, it is
not lear yet if the promotion of the lassial eld to a quantum objet or-
retly desribes quantum string theory [75℄. Nonetheless, one may put aside
high-energy motivations for the eld theory (2.27) and study its quantum
behaviour independently. We start from the ommutation relations (3.26),
with T instead of φ and ΠT given by Eq. (2.35) in the long-wavelength limit.
In momentum spae, the eld utuations are quantized as in Eq. (3.27).
Now, the equation of motion for the perturbation δTk is not a simple Klein-
Gordon equation as in the salar ase; however, one an hek that, near
horizon rossing, the two-point funtion of the utuation is
〈|δTk|2〉 = |wk|2 = H
2
2V k3
. (3.31)
The omputation is performed without adopting any partiular gravitation
bakground, exept for the hypothesis of quasi de Sitter expansion. In order
to absorb the potential into an expression whih is dependent only on the
Hubble parameter, we must use Eq. (2.7), getting
PT ≡ k
3
2π2
〈|δTk|2〉 =
β2−θq H
θ
2cS
, (3.32)
where cS is given by Eq. (2.30). The presene of an extra V -term is also
evident when omparing the amplitude A2s(T ) ∝ V 3q+1/V ′2 with that in the
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salar senario, Eq. (3.30). Slow-roll orretions to this result an be om-
puted by a more rened treatment inluding bak-reation from the eetive
4D metri. The Mukhanov equation for the tahyon ase has been derived
in a k-inationary ontext; it reads [166, 172, 233, 264℄(
d2
dη2
+ c2Sk
2 − 1
z
d2z
dη2
)
uk = 0 . (3.33)
To lowest SR order, it is the same amplitude as that in the nontahyoni
ase, if expressed as a funtion of H and its time derivative:
A2s ≈
3qβ2−θq
25π2
H2+θ
2ǫ
. (3.34)
This is not surprising, sine in the ESR regime the dynamis are almost the
same, as explained in Se. 5.3.
3.3 Tensor perturbations
Tensor perturbations are more diult to deal with than the salar ones
sine gravity is free to propagate in the whole ve-dimensional spaetime. In
general, the graviton zero-mode, loalized on the brane, interats with KK
massive modes generating an innite tower of oupled dierential equations.
The key point is the knowledge of the behaviour of gravity modes on the
brane, that is, how Kaluza-Klein modes ouple with the zero-mode. Many
of the problems arise beause of the extra degree of freedom provided by the
radion and, in general, a omplete solution of the Einstein equations with
boundary onditions is diult to ahieve.
In some limits the analysis simplies onsiderably, for instane in a de
Sitter brane (ρ + p = 0) [51, 252℄. In this ase it is possible to deouple
the graviton zero-mode from the massive tower of Kaluza-Klein gravitons,
sine the maximal symmetry of the dS brane permits a variable separation
of the wave equation for the Kaluza-Klein modes, hµν(x, y)→ h(m)µν (x)ξm(y).
The normalization of the bulk-dependent part of the zero-mode (m = 0),
alulated on the brane position yb, determines the mapping funtion F ≡
ξ0(yb)κ5/κ4. It turns out that F is a ompliated funtion of the ouplings of
the theory, the Hubble parameter H , and χ, the inverse of the bulk urvature
sale. The eetive Newton onstant on a GB brane is κ24 = κ
2
5χ/(1+4αχ
2),
whih in RS (α = 0) redues to χ2 = λκ24/6. Given the 4D amplitude
A2t(4D) =
κ24
50π2
H2 , (3.35)
whih is Eq. (3.15) with z
4D
=
√
2a/κ4, the braneworld tensor amplitude is
At = At(4D)F (H/χ) , (3.36)
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with
F−2(x) =
√
1 + x2 −
(
1− 4αχ2
1 + 4αχ2
)
x2 sinh−2
1
x
.
In the limit x≫ 1 (GB high-energy regime),
F 2(x) ≈ 1 + 4αχ
2
8αχ2
1
x
; (3.37)
in the RS ase and in the limit ρ≫ λ,
F 2(x) ≈ 3
2
x , (3.38)
while in the low-energy limit one reovers the standard spetrum, F 2(x) ≈ 1.
One way to state the result (3.36) is that, to lowest SR order, the brane-
world tensor amplitude is given by the 4D expression (3.35) under the map-
ping
h0 : H 7→ HF (H/χ) . (3.39)
In [253℄ a perturbed RS de Sitter brane whose Hubble onstant is experi-
ening a disontinuous variation δH = H1 − H2 is studied. A 5D spetral
amplitude At(5D), obtained as an expansion in δH/H ≪ 1, is provided at
mildly large sales, k ≪ H2/δH , and is ompared with the 4D braneworld
amplitude At,e derived from a generalization of the map (3.39) ating on the
standard amplitude At(4D) ∝ H˜ , namely,
h1 : H˜ 7→ H˜F (H˜/χ) . (3.40)
Here, H˜ = H [1 + O(δH/H)] inludes the orretion to the lowest-order re-
sult oming from the 4D zero-modezero-mode Bogoliubov oeients. It
turns out that the lowest-order [O(1), supersript (lo)℄ and next-to-lowest
order [O(δH/H), supersript (ntlo)℄ eetive amplitudes math the ve-
dimensional result,
A
(lo)
t,e = A
(lo)
t(5D) , A
(ntlo)
t,e = A
(ntlo)
t(5D) ; (3.41)
outside the horizon
∣∣∣(At(5D) − At,e) /A(lo)t(5D)∣∣∣ ∼ O[(δH/H)2], while inside the
horizon there an be signiant disrepanies.
The ase of a ontinuous smooth variation of the Hubble parameter,
whih is typial during the inationary regime long before the reheating,
has to be treated separately beause of the time dependene of H in the
equations of motion of the KK modes. However, one expets the slow-roll
generalization of the previous result to display similar features [253℄, sine
ǫ = O(δH/H). In fat, in order the variation δH not to be damped by the
aelerated expansion, it must our in a time interval δt ∼ H−1, that is,
H˙ ∼ −δH/δt ∼ −δHH , giving the heuristi orrespondene ǫ ∼ δH/H .
Thus we an onjeture an analogous mapping (3.40) in the SR expansion
suh that (3.41) holds, with H˜ = H [1+O(ǫ)]. We shematially represent it
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Figure 3.1: The h-mappings (3.39) and (3.40) between 4D and eetive 5D
tensor amplitudes.
in gure 3.1. Here f0 maps any next-to-lowest-order funtion to its lowest-
SR-order form.
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We remark one again that, while f0 is trivial and g0 = 1
was rst demonstrated in [252℄, it would be a nontrivial goal to show that
g1 = 1 for a non-de Sitter inationary brane or, more generally, to nd the
region in the spae of the eetive amplitudes where f0 is one-to-one.
There is however another possibility. Aording to Eq. (3.15), the map-
ping (3.39) an be regarded as ating on z rather than on the Hubble pa-
rameter [89℄:
h : z
4D
7→ z = z4D
F (H/χ)
, (3.42)
for the tensor perturbation. This more elegant formulation has two advan-
tages: rst, it enodes all the needed SR information at any order in one
single relation, so h1 and h2 ollapse to eah other; seondly, it is reasonably
valid in more general braneworld senarios.
From the above disussion it emerges that another eetive presription
is viable for a general braneworld tensor amplitude:
At = At(4D)
z
4D
z
, (3.43)
evaluated at the horizon rossing. To be onsistent with the path solution
(2.7), we must onsider the approximated version Fq of F in the proper energy
limits. With Eq. (3.43), one may enode the phenomenology of the transverse
diretion into the map (3.42) ating on the funtion z, z4D 7→ z = z4D/Fq.
We an nd the path version of F with a trik, by noting that in four
dimensions the graviton bakground an be formally desribed by Eq. (3.9)
with ζ1(h) = 1 and a perfet uid ph = −ρh/3 whih does not ontribute
to the osmi aeleration, sine a¨ ∝ (1 − ǫ) and ǫ = 1. Generalizing this
stationary solution one has wh = 2/(3q)− 1 and [92℄
z(h) =
√
2a
κ4Fq
, (3.44a)
F 2q ≡
3qβ2−θq H
θ
ζq(h)κ24
. (3.44b)
This is equivalent to take the 4D tensor amplitude and substitute the gravita-
tional oupling with κ24 ∼ (H2/ρ)4D → H2/ρ. Although these arguments do
not ompletely justify Eq. (3.44) as the general path solution for the tensor
amplitude, the proposed ingredients do math the results oming from both
3
This is equivalent to setting ǫ = η = 0 only in the amplitude At, beause, for instane,
f0(As) ∝ ǫ−1/2.
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the 4D and full 5D alulations in Randall-Sundrum and Gauss-Bonnet se-
narios. We suggest this piture to be valid in other ases, too; diret ontat
with expliit gravity models is redued to a minimum through the oeients
βq and ζq, but only the latter is indispensable for the onsisteny relations.
From now on we shall drop the argument h of ζq, ζq = ζq(h). In the
Randall-Sundrum ase ζ2 = 2/3 [252℄, while in the Gauss-Bonnet ase ζ2/3 =
1 [51℄.
3.4 Braneworld spetra and
onsisteny relations
Let us list the results for the osmologial spetra to next-to-leading SR
order. In all the alulations we use Eq. (3.7) together with
d2η = a
2(Hdt + d
2
t ) , (3.45)
and drop O(ǫ2) terms in z. In fat, higher-order ontributions might be too
faint to play an important role in the determination and disrimination of
the spetra. Then we do not push the path SR expansion up to the seond
order, although some authors have gone in this diretion [113, 114, 265, 266℄.
Note that we do not need to speify βq sine it will not appear in the slow-
roll expressions for the osmologial observables, exept in the amplitudes.
In this ase, CMB data an onstrain the parameters of the gravitational
model enoded in βq.
3.4.1 Graviton eld
For the tensor amplitude we have
1
z
d2z
dη2
= (aH)2
[
2 +
(
3θ
2
− 1
)
ǫ
]
, (3.46)
νh =
3
2
+
(
1 +
θ
2
)
ǫ , (3.47)
and
A2t = {1− [(2 + θ)C + 2] ǫ}
3qβ2−θq
25π2
H2+θ
2ζq
, (3.48a)
nt = −(2 + θ)ǫ
[
1 + ωtǫ− 2
(
C +
2
2 + θ
)
η
]
, (3.48b)
αt = (2 + θ)ǫ
[
2η −
(
2− θ˜
)
ǫ
]
, (3.48)
where
ωt ≡
(
2− θ˜
)
C +
6− θ˜
2 + θ˜
. (3.48d)
The O(ǫ2) part of the tensor index and its running depend on the assumed
salar eld model through Eq. (2.80a). In the tahyon ase, ωt = 1.
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3.4.2 Ordinary salar eld φ
For the ordinary salar eld on the brane,
z(φ) =
aφ˙
H
, (3.49)
with ζq(φ) = 1 in Eq. (3.9). Then
1
z
d2z
dη2
= (aH)2 (2 + 2ǫφ − 3ηφ) , (3.50)
νφ =
3
2
+ 2ǫφ − ηφ , (3.51)
and
A2s(φ) = [1− 2(2C + 1)ǫφ + 2Cηφ]
3qβ2−θq
25π2
H2+θ
2ǫφ
, (3.52a)
ns − 1 = (2ηφ − 4ǫφ) + 2(5C + 3)ǫφηφ − 2Cξ2φ − 2[(4− θ) + 2(2− θ)C] ǫ2φ ,
(3.52b)
αs = 2
[
2(θ − 2) ǫ2
φ
+ 5ǫφηφ − ξ2φ
]
, (3.52)
r =
ǫφ
ζq
[1− (θ − 2)Cǫφ − 2Cηφ] . (3.52d)
The expression (3.52a) has the asymptoti form at large sales, k ≪ aH ,
but is written in terms of quantities evaluated at the horizon rossing of the
perturbation. By xing the term in square brakets equal to 1, one gets
the lowest-order expression (3.28) obtained via a de Sitter alulation of the
orrelation funtion of the utuation δφ ≈ u/a outside the horizon. With
θ = 0, one reovers the four-dimensional results [267, 268, 269℄.
3.4.3 Tahyon eld T
In the Mukhanov equation (3.33),
z(T ) =
(ρ+ p)1/2a
cSH
=
1
β
1/q
q
aT˙
cSHθ/2
, (3.53)
where we have used ρ + p = ρT˙ 2. Despite of what happens in the salar
eld ase, θ appears expliitly in the denition of z. In the extreme SR
approximation we an set ζq(T ) = 1/c
2
S ≈ 1 in Eq. (3.9).
The solution of (3.33) is again of Hankel type but with a resaled wave
number, k → cSk. For the tahyon one gets
1
z
d2z
dη2
= (aH)2
[
2 +
(
3θ
2
− 1
)
ǫT − 3ηT
]
, (3.54)
νT =
3
2
+
(
1 +
θ
2
)
ǫT − ηT , (3.55)
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and
A2s(T ) = (1− 2ωsǫT + 2CηT )
3qβ2−θq
25π2
H2+θ
2ǫT
, (3.56a)
ns − 1 = [2ηT − (2 + θ) ǫT ] + 2 (C + 1 + 2ωs) ǫTηT − 2Cξ2T − (2 + θ)ǫ2T ,
(3.56b)
αs = 2
[
(3 + θ) ǫTηT − ξ2T
]
, (3.56)
r =
ǫT
ζq
[
1− (2− θ)ǫT
6
− 2CηT
]
. (3.56d)
Here,
ωs ≡
(
C +
5
6
)
+
θ
2
(
C +
1
6
)
. (3.56e)
In the four-dimensional ase θ = 0, we reover the results of [185, 264℄.
3.4.4 The onsisteny relations
One might nd interesting to rewrite the SR expressions (3.52) and (3.56)
for the salar perturbation in a minimal fashion, by substituting θ with
2θ = 2 + θ − θ˜ , (3.57)
in Eqs. (3.54), (3.55) and (3.56e); in the ordinary salar ase, ωs = 2C + 1.
Then,
A2s(ψ) = (1− 2ωsǫ+ 2Cη)
3qβ2−θq
25π2
H2+θ
2ǫ
, (3.58a)
ns − 1 =
[
2η − 2 (1 + θ) ǫ]+ 2(C + 1 + 2ωs)ǫη
−2
[(
2− θ˜
)
ωs + 1 + θ
]
ǫ2 − 2Cξ2 , (3.58b)
αs = 2
[
2
(
θ˜ − 2
)
ǫ2 +
(
3 + 2θ
)
ǫη − ξ2
]
, (3.58)
r =
ǫ
ζq
{1− [(2 + θ)C + 2(1− ωs)] ǫ− 2Cη} . (3.58d)
We an ollet Eqs. (3.48), (3.52) and (3.56) in the set of onsisteny equa-
tions:
αs(φ) = ζqr[4(3 + θ)ζqr + 5(ns − 1)]− ξ2φ , (3.59a)
αs(T ) = (3 + θ)ζqr[(2 + θ)ζqr + (ns − 1)]− ξ2T , (3.59b)
nt(φ) = ζqr[−(2 + θ) + (2 + θ)ζqr + 2(ns − 1)] , (3.59)
nt(T ) = ζqr
[
−(2 + θ) + 2(ns − 1) + (2 + θ)(4 + θ)
6
ζqr
]
, (3.59d)
αt = (2 + θ)ζqr[(2 + θ)ζqr + (ns − 1)] . (3.59e)
If
|ξ| ≪ min(ǫ, |η|) , (3.60)
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the set loses and the salar running depends only on the observables. In
fat, this approximation an be put into a milder form when onsidering
dierent pathes, θ and θ′, with the same inaton eld: namely, that the
parameter ξ is almost onstant in the energy regime, ξ(θ) ≈ ξ(θ′); this will
be suient in order to ompare theoretial results with observations. In
the ase of onfrontation between a salar path and a tahyon path, it
should be ξφ(θ) ≈ ξT (θ′). We will see in Se. 5.3 that SR parameters of
the two senarios, with the same sale fator, approah one another order
by order when q inreases; therefore, the last approximation is valid at a
ertain ondene level if q, q′ ≫ 1. Whihever assumption is hosen to
neglet the parameter ξ and write the salar running in terms of observables,
it is important to keep in mind that in general ξ annot be fairly eliminated,
even if this is indeed the ase in many reasonable situations. One has ξ = 0
when either ψ ∝ t (e.g., tahyon power-law ination) or ψ ∝ et; however,
in many simple models of ination like the ordinary power-law (a = tn), the
dynamial features of the system are suh that |ξ| = O(ǫ, |η|). We will ome
bak to this issue in Se. 4.7.2.
The onsisteny equation for the tensor index depends on the hosen
salar ation, as rst pointed out in [185℄. Conversely, Eq. (3.59e) is valid
both for the salar and tahyon eld, but in general it is model-dependent
[185℄. The next-to-lowest-order equations (3.59) and (3.59d) generalize the
lowest-order equation
nt = −(2 + θ)ζqr , (3.61)
whih is insensitive to the type of salar eld. Sine at seond order there
appear only quantities present in rst-order expressions, it is reasonable to
onsider Eqs. (3.59) and (3.59d) not as extensions of (3.61) but as the
onsisteny equations.
The onsisteny equations relate osmologial observables in a way typial
of inationary senarios, in whih the salar and gravitational spetra are
originated by a unique mehanism. When onsidering them in the braneworld
ase, they an give dierent (and testable) signatures of the early-Universe
inationary expansion.
3.5 Degeneray of onsisteny equations:
testing the braneworld
In this setion we address the issue of possible theoretial degeneraies
between next-to-leading-SR-order onsisteny relations of dierent ina-
ton/braneworld models, to be distinguished from observational degeneraies
oming from partiular values of the observables, for example when the spe-
trum is nearly sale invariant in the extreme SR approximation. This problem
arose for the rst time when the degeneray of the 4D and RS relation be-
tween the tensor spetral index and the tensor-to-salar ratio was disovered
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[270, 271℄; suh a property also holds in indued-gravity braneworld ination
[272℄ and in generalized Einstein theories inluding four-dimensional dilaton
gravity and salar-tensor theories [273℄. Several works then showed that this
degeneray is most likely inidental (e.g., [89℄ and referenes therein). We
are going to onrm this result in quite a general manner and pave the way
to the lassiation of eventual future braneworld senarios.
It is useful to stress that even in the standard general relativisti ase
the onsisteny relations are violated in some simple situations, for example,
in multi-eld ination [274℄ (see, e.g., [275℄ and referenes therein). In this
sense, a deviation from the standard equations would not provide the smoking
gun for the existene of extra dimensions.
We laim and next show that, while observational degeneray of the
onsisteny relations is ahievable within the range of osmologial parame-
ters determined by reent experiments, the theoretial struture is unstable
against even long-wavelength 5D ontributions, via the eetive Friedmann
equation (2.7).
3.5.1 Theoretial degeneray
To leading order, the onsisteny relation for a salar-driven ination is the
same in 4D and RS senarios and a disrimination between them, at least by
this method, is not possible. However, quasi de Sitter omputations show a
break of the degeneray and a possible nonlosed struture [253, 254℄. In the
GB ase even the lowest-order tensor index onsisteny relation is no longer
degenerate [51℄. Some evidene of the degeneray breaking in the ase of
smoothly varying Hubble parameter is provided by showing that departures
from the standard form of the salar amplitude would spoil the 4D struture
of the onsisteny relations.
4D vs braneworld
One may wonder if there an exist SR perturbation amplitudes that give
the same onsisteny equations for the standard four-dimensional osmol-
ogy, thus ruling out the possibility to disriminate between the two senar-
ios. However, to onstrut mathematial expressions without any physial
ontent would be of little use sine they would not provide a physial explana-
tion why onsisteny equations should be still degenerate; so the onsisteny
equation approah would still be worth investigation.
After this preamble, it should be noted that it is not possible to onstrut
simple perturbation amplitudes that give degenerate onsisteny equations
and reprodue the extreme SR limit (3.36). The reason is the following. We
will onentrate on the ordinary salar model and the onsisteny equation
involving the salar running αs, sine it is the most relevant relation from an
observational point of view. It is an equation oming from the lowest-SR-
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order part of the salar index,
ns − 1 = 2η − 2
(
1 + θ
)
ǫ , (3.62)
whih is generated by the lowest-order part of the salar amplitude, Eq.
(3.34). We reall that eah time derivative raises the SR order by one at any
step: the time derivative of the funtional part of the amplitude gives the
linear part of the spetral index, while another derivation gives the running,
through Eq. (2.80). Therefore one should hange the lowest-order part of
the amplitude As in order to impose
αs = αs(4D) ≡ α(φ, 0)s = r [12r + 5(ns − 1)] , (3.63)
regardless of the next-to-leading-order SR struture. Sine the bulk soure
term of (3.23) has not been taken into onsideration, this ould be feasible a
priori, even if Eq. (3.34) is well supported in many respets.
4
An example
of a generalized salar amplitude is
A2s = [1 + fs(ǫφ, ηφ)]Bsǫ
−γH
c
φ˙b
, (3.64)
where b, c and γ are onstants, Bs is a normalization prefator, and fs is a
linear funtion of the SR parameters and of any dimensionless ombination
of osmologial quantities suh as m4, λ, H and its time derivatives. By
imposing the amplitude to be dimensionless, if ds is the dimension of Bs
then it must be ds + c− 2b = 0.
As has been said in Se. 3.3, the h-mappings are ompletely well moti-
vated only in the quasi de Sitter ase, so in priniple a more general high-
energy struture for the tensor amplitude than that of Eqs. (3.40) and (3.42)
is possible, keeping the funtional part onstrained by the zero-mode 5D
alulation:
A2t = [1 + ft(ǫφ, ηφ)]BtH
2+θ , (3.65)
where ft (Bt) is the tensor ounterpart of fs (Bs). For reasons of simpliity,
we have dropped the H dependene in the SR funtions sine it gives rise
to a polynomial struture for As whih does not hange the main argument
[89℄. Also, for the above onsiderations we an ignore these SR funtions.
Equation (3.64) generates the spetral index
ns − 1 = (b+ 2γ)ηφ − (c+ γ)ǫφ , (3.66)
and the running
αs = ǫφ
[(
1 +
2c+ 2γ
b+ 2γ
)
(ns − 1) +
(
θ − 1 + 2c+ 2γ
b+ 2γ
)
(c+ γ)ǫφ
]
. (3.67)
4
We stress one again that the lowest-order salar amplitude an be alulated, in the
long wavelength part of the spetrum, by a number of dierent bakground-independent
tehniques.
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The ase γ = b = 0 6= c (γ = c = 0 6= b) is disarded beause it is not
possible to absorb the ηφ (ǫφ) dependene of the running into a osmologial
observable. The standard ase c = 2b = 4, γ = 0 is trivial.
Using φ˙2 ∝ ρǫφ, the tensor-to-salar ratio reads, to lowest SR order,
r ∝ ǫγ+b/2φ ρ[2(2q−1)+b−qc]/2 ; (3.68)
the onstant γ ha been introdued for trying to ompensate by hand for the
ǫ fator of Eq. (3.68). Now, assuming
r ≈ arǫφ , (3.69)
ar being a onstant, in order to satisfy Eqs. (3.63) and (3.69) we must solve
the system
γ +
b
2
= 1 ,
2(2q − 1) + b− qc = 0 ,
2
c+ γ
b+ 2γ
= 5ar − 1 ,
(θ − 2 + 5ar) (c+ γ) = 12a2r .
For general q there do exist nontrivial solutions, but in GB (ar = 1) and RS
(ar = 3/2) only the standard ase is allowed. These onsiderations imply that
a high-energy relation suh that Eq. (3.69) is possible only in the standard
ase c = 2b = 4, γ = 0. In general, a traditional onsisteny relation will not
be obtained in a braneworld ontext.
Path vs path
Let us now seek what are the neessary onditions for obtaining the same set
of onsisteny equations in two models (ψ, θ) and (ψ′, θ′). In the disussion
on degeneray we will not restrit ourselves to the RS and GB senarios,
sine other gravity models an generate pathes (i.e., eetive Friedmann
equations with θ) dierent from θ = 0, ±1.
There are several possible degeneraies whih arise partiular attention.
The rst one is exat, that is αs = α
′
s, αt = α
′
t, and nt = n
′
t to next-to-leading
SR order; this model orrespondene would open up many ompelling possi-
bilities, for example to onstrut a ompliated braneworld senario starting
from a simple one. A seond, more operative degeneray is eetive, namely,
one onsiders only the salar running and the lowest-SR-order tensor index.
Dierenes in next-to-leading-order tensor indies and in tensor runnings are
negleted sine the observational unertainty on these quantities would blur
any theoretial mutual deviation, at least for near-future experiments. When
neither exat nor eetive degeneray are ahieved, we will say that the two
lasses of models are denitely nondegenerate. Another hoie ould be to
onsider tensor degeneray, of either lowest or next-to-lowest order, when
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the tensor index and its running are degenerate; tensor-degenerate models
give the same gravitational wave spetrum. This degeneray is useful when
reduing the spae of parameters in numerial analyses via the tensor-index
onsisteny equation.
The rst degeneray we investigate is between ordinary-salar and
tahyon-eld senarios. Let a prime denote the tahyon model; in order
to get (φ, θ) = (T, θ′), we math Eqs. (3.59a) and (3.59b), giving
θ =
14 + 13θ′
4(3 + θ′)
, θ′ 6= −3 , (3.70a)
ζq =
3 + θ′
5
ζq′ . (3.70b)
From Eqs. (3.59) and (3.59d) one gets either θ = 2 = θ′ or θ = −2 = θ′; Eq.
(3.59e) is automatially degenerate for all θ. Therefore, exat degeneray is
not allowed for nite q. For the eetive degeneray it is suient that
(2 + θ)ζq = (2 + θ
′)ζq′ , (3.71)
from the lowest-order tensor indies; oupling this ondition with Eq. (3.70)
again gives θ = 2 = θ′. Therefore, φ- and T -models are denitely nondegen-
erate for nite q. The quantity ζq is determined by the spei gravitational-
geometri onguration one is onsidering, although from our point of view it
plays the role of a purely numerial oeient; it ontributes to the normal-
ization of the tensor amplitude through its general denition, Eq. (3.9). By
omparing Gauss-Bonnet and 4D senarios, it is lear that the ase ζq = ζq′
is possible even when θ 6= θ′.
Salar models in dierent braneworlds are denitely nondegenerate,
(φ, θ) 6= (φ, θ′), sine it must be θ = θ′ in the salar running. The same
onlusion holds for tahyon models, (T, θ) 6= (T, θ′) if θ 6= θ′.
Tensor degeneray is straightforward: all the previous models are tensor
degenerate to lowest SR order when Eq. (3.71) holds. In partiular, (i)
salar and tahyon senarios in a given path and (ii) 4D and RS models are
tensor-degenerate at lowest order. Models with the same inaton eld ψ and
ζq = ζq′ are not tensor-degenerate; obviously, 4D and GB senarios are not
tensor-degenerate. Next-to-leading-order tensor degeneray is possible only
between (φ, −2) and (T, −2), when
αs(φ) ≈ ζ1/2r[4ζ1/2r + 5(ns − 1)] , (3.72a)
αs(T ) ≈ ζ1/2r(ns − 1) , (3.72b)
nt = 2ζ1/2r(ns − 1) , (3.72)
αt = 0 . (3.72d)
As far as the author knows, no gravity model giving an eetive Friedmann
equation with q = 1/2 has been developed so far. Note that this osmology
gives a sale-invariant spetrum (ns = 1) in the ase of power-law ination,
a = tn, irrespetive of n [113℄. Table 3.1 summarizes the various degeneraies
for nite q.
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Degeneray (φ, θ)− (T, θ′) (ψ, θ)− (ψ, θ′)
Exat − −
Eetive − −
Tensor n.t.l. SR θ = θ′ = −2 −
Tensor lowest SR Eq. (3.71) Eq. (3.71) with θ 6= θ′
Table 3.1: Path degeneraies for nite q. n.t.l. stands for next-to-lowest
order.
3.5.2 Observational degeneray: theory vs data
A new era of high-preision osmologial observations an now onstrain the
high-energy physis of braneworld models prediting signiant deviations
from the standard four-dimensional big bang senario [53, 149, 150, 222, 276,
277, 278, 279℄. The rst-year data of WMAP [79, 80, 81, 82, 83℄ onrm
the standard senario of a at, adiabati universe with Gaussian,
5
almost
sale-invariant anisotropies, with a salar amplitude A2s ≈ 3.5 · 10−10 at large
sales [82℄. Bennett et al. [79℄ put a bound on the tensor-to-salar ratio,
r < r
max
= 0.06 , (3.73)
while the best t for the salar index is
ns ≈ 0.95 . (3.74)
Data analyses arried out for WMAP make use of the onsisteny equa-
tion (3.61) in order to x the tensor index and its running in the spae of
parameters, so a diret onfrontation between these quantities and an ex-
perimental result with an assoiate error is not possible. The next-to-lowest
order onsisteny relations (3.59) and (3.59d) indeed break the degeneray
between salar-eld and tahyon-eld models. Taking nt ≈ −0.1, one has∣∣n(θ,ψ)t − n(θ′,ψ′)t /nt∣∣ ∼ O(r2); testing this eet would require an experimen-
tal unertainty less than 1% for the tensor index, a very diult goal to hit
for the missions of this and next generation.
A more useful quantity might be the salar running (the onsisteny equa-
tion for the running of the tensor index is degenerate). In terms of SR param-
eters, this is a seond-order quantity but it omes from the lowest-order part
of the salar amplitude. To quantify the eet of the extra dimension, we an
use the reent CMB data oming from WMAP. With the upper bound (3.73)
and the best t (3.74), the relative salar running in two dierent pathes is
∆α
(ψqψ
′
q′
)
s ≡ α(θ,ψ)s − α(θ
′,ψ′)
s (3.75)
∼ O(10−2) ,
whih is omparable both with the error in the estimate of Bridle et al. [83℄,
αs = −0.04± 0.03, oming from the ombination of WMAP and 2dFGRS (2
5
See Se. B.1.
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Degree Field Galaxy Redshift Survey) data, and with the unertainty estimate
of the Plank mission [87, 280℄.
This estimate will be highly improved by both the updated WMAP data
set and near-future experiments, inluding the European Plank satellite, for
whih the foreast preision should be ameliorated by one order of magnitude,
∆αs ∼ O(10−3) [281℄.
For lower tensor-to-salar ratios, the eet quits the window of detetabil-
ity. For instane, salar-driven and tahyon-driven senarios lead to dierent
preditions already in the standard 4D model when r ≈ r
max
,
∆α(φ0T0)s = 2r [3r + (ns − 1)] (3.76)
≈ 0.01 ;
however, with a lower tensor-to-salar ratio r and a salar spetrum loser
to sale invariane, disrimination between the two senarios beomes harder
to arry out via onsisteny equations. For a sale-invariant spetrum and
taking the ratio r = r
max
/2 = 0.03, whih is within the 2σ likelihood bound of
[279℄, from Eq. (3.76) we have ∆α(φ0T0)s ≈ 0.005, while for r = rmax/3 = 0.02
we get ∆α(φ0T0)s ≈ 0.002, one order of magnitude smaller than the most
optimisti high-ratio ase.
Therefore the most diret way to obtain experimental degeneray is to
onsider funtionally dierent onsisteny equations, whatever they are, in
the two regimes and small tensor-to-salar ratios as well as a nearly invariant
spetrum, an eventuality whih is quite possible in the range of the urrently
available data. A more rened analysis will be performed in the next hapter.
As a last omment we note that the omparison of the observable quan-
tities nt, αt, and αs must be done with the onsisteny equations (3.59) and
not through the SR parameters expressions, Eq. (3.58). This is beause both
we are dealing with independent expressions and there is an evident ambi-
guity in relations between SR parameters and observables when onsidering
energy-sale nite dierenes of the quantities of interest.

4Nonommutative ination
What shall we use to ll the empty spaes?
 Roger Waters (Pink Floyd), The wall
4.1 Introdution
The idea that the early Universe experiened a phase of aelerated expan-
sion has ome to a ruial point. Born as a panaea for some problems of the
standard big bang senario, the inationary paradigm has been developed
and rened during these years, always suessfully explaining the available
observational data. The upoming generation of high-preision osmologial
experiments suh as WMAP and Plank might denitely operate a sele-
tion on the great amount of ination-inspired models. On the other hand,
new theoretial senarios in whih the high-energy physis grows more and
more in importane have produed a set of interesting researh elds imple-
menting the traditional 4D osmology: therefore we have string osmology,
braneworld osmology, nonommutative osmology, and so on.
In their seminal paper [282℄, Brandenberger and Ho presented a model
of large-sale perturbation spetra, in whih a nonommutative geometrial
struture is generated by the stringy spaetime unertainty relation (SSUR)
∆t∆xp ≥ l2s , (4.1)
where ls is the string length sale and xp = a(t)x is a physial spae oordi-
nate. It has been argued that this is a universal property for string and brane
theory [283, 284, 285℄. This piture (heneforth BH) has then been further
explored in [90, 92, 93, 286, 287, 288, 289, 290, 291, 292, 293, 294, 295, 296℄
and presents many ommon features with trans-Plankian senarios with a
modied dispersion relation [297, 298, 299, 300, 301, 302, 303, 304℄.
1
1
A nonommutative spaetime struture may arise also by taking into aount an holo-
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In this hapter we onstrut another nonommutative model based on the
same philosophy of [282℄ and onfront it with BH in its two versions, the rst
one with the FRW 2-sphere fatored out in the ation measure and the seond
one with a unique eetive sale fator. Salar and tensor amplitudes and
indies as well as onsisteny equations are obtained through the slow-roll
formalism, both for an ordinary salar eld and a Born-Infeld osmologial
tahyon. All the observables turn out to be funtions of a nonommutative
parameter, alled µ, measuring the magnitude of the Hubble energy H at
the time of horizon rossing in omparison with the fundamental string mass
Ms ≡ l−1s .
Some works have studied the inationary perturbations treating µ on
either almost [289, 293℄ or exatly [291, 292℄ the same ground of the SR pa-
rameters, omputing ultraviolet amplitudes and indies via a double or SR
expansion for small parameters, respetively. Here we will follow a dierent
approah and onsider µ as a distint objet with respet to the SR tower;
we will keep only the lowest-SR-order part of the observables and regard any
µ-term as pertaining these leading-SR-order quantities. We stress that, while
the parameter µ aounts for nonloal eets oming from the string sale ls,
the SR tower is determined by the dynamis of the osmologial inationary
expansion. Therefore, they desribe quite distint physial phenomena. In
fat, there is no onnetion between µ and the reursively-dened SR tower,
although even the rst SR parameter is introdued by hand; the elements
of the tower are built up of time derivatives of H and they all vanish in
a dS bakground, while µ, whih ontains only the Hubble parameter and
the string sale, does not. In partiular, the lowest-SR-order spetral ampli-
tudes, equivalent to those obtained in a quasi de Sitter model, will depend on
µ. Beside this motivation, suh a proedure has additional advantages. For
example, we an study regimes with not-so-small µ within the SR approx-
imation; seondly, if one keeps the magnitude of µ unonstrained, one an
also explore the infrared region of the spetrum, µ≫ 1, through appropriate
tehniques.
These eetive nonommutative models an be extended to braneworld
senarios in whih the 3-brane experienes a osmologial expansion gov-
erned by an eetive Friedmann equation. The preise theoretial setup is
highly nontrivial even in the ommutative ase, beause of the number of
requirements to impose on the bakground forms and spaetime geometry in
order to have a osmologial four-dimensional variety. We will phenomeno-
logially assume to have a 3-brane in whih the SSUR (4.1) holds for all the
braneworld oordinates {xν}, ν = 0, 1, 2, 3, while the extra dimension y along
the bulk remains deoupled from the assoiated *-algebra.
graphi bound on the information ontained in frozen perturbation modes per omoving
volume [306℄.
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4.2 General setup
We will keep the general framework of a nonommutative 3-brane in whih,
either in a limited time interval during its evolution or in a given energy path,
the osmologial expansion satises the eetive Friedmann equation (2.7).
To diagonalize the nonommutative algebra and indue a pure 4D SSUR on
the brane one might x the expetation values of the 11D bakground elds
suh that the extra diretion ommutes, [y, xν ] = 0. Some other subtleties
to deal with are disussed in Se. 4.3.3.
We identify the nonommutative string mass as the fundamental energy
sale of the full theory. Best-t analyses of BH nonommutative models give
estimates for the string sale Ms ∼ 1011 − 1017 GeV [286, 287℄. In typial
Ho°ava-Witten senarios, the fundamental sale is of order of the GUT sale,
Ms ∼ 1016 GeV, onsistently with our hypothesis.
4.2.1 Leading-order nonommutative observables
Let AΦ denote a lowest-order perturbation amplitude, AΦ ∈ {At, As}; in
general, it an be written as
AΦ(µ∗, H, ψ) = A
(c)
Φ (H, ψ) Σ(µ∗) , (4.2)
where µ∗ is a nonommutative parameter to be dened later, A
(c)
Φ = AΦ(Σ=1)
is the amplitude in the ommutative limit, and Σ(µ∗) is a funtion enod-
ing leading-SR-order nonommutative eets. The ommutative observables
derived in the previous hapter will be denoted by a supersript (c).
It will turn out that, up to O(ǫ2) terms,
d lnΣ2
d ln k
= σǫ , (4.3)
where σ = σ(µ∗) is a funtion of µ∗ suh that σ˙ = O(ǫ). The spetral index
is
n ≡ d lnA
2
Φ
d ln k
= n(c) + σǫ ; (4.4)
for the salar spetrum, n = ns − 1. The index running is
α ≡ dn
d ln k
= α(c) +
d2 ln Σ2
d ln k2
. (4.5)
The last term an be written as
d2 ln Σ2
d ln k2
= σǫ
[(
2− θ˜ − σ¯
)
ǫ− 2η
]
, (4.6)
with σ¯ ≡ −σ˙/(σHǫ) to rst SR order. Beause of Eq. (4.2), the tensor-to-
salar ratio is r = r(c) and the onsisteny equations for the salar runnings
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read
αs(φ) = rζq {(5− σ)(ns − 1) + [4(3 + θ)− σ(7 + θ + σ¯ − σ)] rζq} − ξ2φ,
(4.7)
αs(T ) = rζq {(3 + θ − σ)(ns − 1) + [(2 + θ)(3 + θ)
− σ(5 + 2θ + σ¯ − σ)] rζq} − ξ2T . (4.8)
The lowest-SR-order onsisteny equation for the tensor index is
nt = [σ − (2 + θ)]ζqr , (4.9)
and its running is
αt = rζq
{
(2 + θ − σ)(ns − 1) +
[
(2 + θ − σ)2 − σσ¯] rζq} . (4.10)
There is also a next-to-leading order version of Eq. (4.9), whih we will not
onsider here.
4.3 Nonommutative models
Let us introdue the new time variable τ ∈ R+, τ ≡ ∫ a dt = ∫ da/H . With
a onstant SR parameter ǫ, an integration by parts with respet to a gives
τ =
a
(1 + ǫ)H
≈ a
H
. (4.11)
Inequality (4.1) an be rewritten in terms of omoving oordinates as
∆τ∆x ≥ l2s , (4.12)
and the orresponding algebra of nonommutative spaetime is time inde-
pendent,
[τ, x] = il2s . (4.13)
The *-produt realizing Eq. (4.13) is dened as
(f ∗ g)(x, τ) = e−(il2s/2)(∂x∂τ ′−∂τ∂x′)f(x, τ)g(x′, τ ′)∣∣ x′ = x
τ ′ = τ
. (4.14)
This realization of nonommutativity is in ontrast with
[xµ, xν ] = iθµν , (4.15)
where θµν is a nonommutative parameter. This type of nonommutative
osmology, whih does not preserve the FRW symmetries, has been studied
in [307, 308, 309℄. Other implementations an be found in [310, 311, 312,
313, 314, 315, 316, 317, 318, 319℄.
4.3. Nonommutative models 61
4.3.1 BH models
In the following we will adopt the short notation
a = a(τ) , a± ≡ a(τ ± kl2s) . (4.16)
Consider now the ation of a free salar eld Φ(τ, x) living in a (1+1)-
dimensional FRW spae:
S =
∫
dτdx
1
2
(
a2∂τΦ
†∂τΦ− a−2∂xΦ†∂xΦ
)
. (4.17)
In the nonommutative models we will study, eah onventional produt is
replaed by the *-produt (4.14); thus, the gravitational setor of the theory
is not a ompletely passive spetator but is involved via the *-oupling of
the metri with the matter ontent. The new 2D ation reads, noting that
a2 = a ∗ a [282℄,
S
BH
=
∫
dτdx
1
2
(
∂τΦ
† ∗ a2 ∗ ∂τΦ− ∂xΦ† ∗ a−2 ∗ ∂xΦ
)
. (4.18)
In the omoving momentum spae,
Φ(τ, x) =
∫
k<k0
dk√
2π
Φk(τ)e
ikx , (4.19)
where k0 is a uto realizing the stringy unertainty relation. The most
onvenient way to reast the ation is to write the sale fator as a Fourier
integral, a2(τ) =
∫
dω a2τ (ω)e
iωτ
, and perform the *-produts of the omplex
exponentials in the integrand, removing the uto in the limit k0 →∞ when
absorbing the δ(3)-integrals in momentum spaes. The result is
S ≈
∫
k<k0
dτdk
1
2
(
β+k ∂τΦ−k∂τΦk − β−k k2Φ−kΦk
)
, (4.20)
where
β±k =
1
2
(
a±2+ + a
±2
−
)
. (4.21)
Dening two new objets
a2
e
≡
√
β+k
β−k
= a+a− , (4.22)
y2 ≡
√
β+k β
−
k =
a2+ + a
2
−
2a+a−
, (4.23)
and the eetive onformal time oordinate
η˜ ≡
∫
dτ
a2
e
, (4.24)
62 4. Nonommutative ination
the salar ation beomes
S ≈
∫
k<k0
dη˜dk
1
2
y2
(
∂η˜Φ−k∂η˜Φk − k2Φ−kΦk
)
. (4.25)
To estimate the uto k0, we note that the energy for the mode k with
respet to the time variable τ is, by the ation (4.20), Ek = ka
−2
e
. Then, the
saturated SSUR (4.12) with ∆x ∼ k−1 and ∆τ ∼ E−1k yields
k0 ≡ Msae . (4.26)
4.3.2 A new presription for nonommutativity
Cyli permutations of the *-produt inside the integral (4.18) leave the
ation invariant. Therefore, it is natural to see whether a dierent nonyli
ordering of the fators gives a theory with interestingly new preditions. The
other nontrivial nonommutative ation one an obtain is
S
new
=
∫
dτdx
1
2
(
∂τΦ
† ∗ a ∗ ∂τΦ ∗ a− ∂xΦ† ∗ a−1 ∗ ∂xΦ ∗ a−1
)
. (4.27)
The same omputational pattern of the previous setion leads to Eq. (4.25)
with β±k given by
β±k =
a±1
2
(
a±1+ + a
±1
−
)
, (4.28)
and
a2
e
= a
√
a+a− , (4.29)
y2 =
a+ + a−
2
√
a+a−
. (4.30)
In this ase there is only a partial smearing of the produt of sale fators and
one might guess that the resulting nonommutative phenomenology would
be less pronouned than that of BH model. In the UV limit it will turn out
that, within a given variation of the nonommutative parameter and in some
region in the spae of parameters, the range of ∆α
(ψqψ
′
q′
)
s is slightly smaller
than in the BH model but always of the same order of magnitude. In the
infrared region, however, the two models are almost undistinguishable; see
Se. 4.4.5.
4.3.3 Four-dimensional eetive ations and amplitudes
When going to 3+1 dimensions, the measure z2k of the integral will ontain
the nonloal eet oming from the SSUR:
S ≈
∫
k<k0
dη˜d3k
1
2
z2k
(
∂η˜Φ−k∂η˜Φk − k2Φ−kΦk
)
. (4.31)
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Here we will onsider two lasses of models. In the rst one, we suppose
the total measure to be given by the produt of the nonommutative (1+1)-
measure and the ommutative one:
zk = zy ; (4.32)
then, as we are going to show in a moment,
Σ =
a2
e
a2y
(lass 1) . (4.33)
These models, in whih the FRW 2-sphere is fatored out, will be dubbed as
1. Another interesting presription onsists in replaing the ommutative
sale fator in the measure with the eetive one; then, ay → a
e
,
zk = z
a
e
a
, (4.34)
and
Σ =
a
e
a
(lass 2) ; (4.35)
models with this Σ will be named 2.
Let us now look at osmologial perturbations oming from an inationary
era and assume, as it is the ase, that Φ is a generi perturbation satisfying
the ation (4.31). The spetral amplitude oming from the kth mode of the
perturbation is given by Eq. (3.2), where the expression is evaluated at the
referene time η˜∗ to be disussed in a while. Via a hange of variable,
uk = −zkΦk , (4.36)
the ation (4.31) gives the Mukhanov equation(
d2
dη˜2
+ k2 − 1
zk
d2zk
dη˜2
)
uk = 0 . (4.37)
Noting that dη˜/dη = (a/a
e
)2, we get the useful relation
η˜ ≈ −1
aH
(
a
a
e
)2
, (4.38)
in the lowest SR approximation. If the SR parameters are small, then they
are onstant to leading order beause their derivatives are higher order. It
is then possible to solve the Mukhanov equation with exatly onstant SR
parameters and perturb the obtained solution. Suh osmologial solutions
do exist and an be onstruted in a variety of situations [see the disussion
below Eq. (4.79)℄; among them, a partiularly important one is power-law
ination, whih we will use when onsidering the infrared region of the spe-
trum. Therefore,
1
zk
d2zk
dη˜2
≈
(a
e
a
)4 1
z
d2z
dη2
=
(a
e
a
)4 ν2 − 1/4
η2
≈ ν
2 − 1/4
η˜2
, (4.39)
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where ν = 3/2 + O(ǫ). With onstant ν, the solution of this equation is the
same as that of the ommutative ase, namely |uk| ∝ (−η˜)1/2H(1)ν (−kη˜). In
the long wavelength limit k/(aH)→ 0, when the mode with omoving wave
number k is well outside the horizon, the appropriately normalized solution
beomes, from Eq. (4.38),
2
|uk|2 = 1
2k
(−1
kη˜
)2
=
1
2k
(
aH
k
)2 (a
e
a
)4
; (4.40)
nally, one gets Eq. (4.2) by inserting either denition (4.32) or (4.34) in
Eq. (3.2).
Given a nonommutative brane in a ommutative bulk, the nonloal
smearing will only aet the pure four-dimensional part of the graviton-zero-
mode ation, while leaving the pure transversal normalization unhanged;
from the disussion in Se. 3.3, it is then lear that the nonommutative
tensor spetral amplitude will be A2t = A
(c)2
t Σ
2 ∝ ξ20(yb)A2t(4D). Therefore, for
the gravitational spetrum, Φ denotes the oeient funtions of the non-
ommutative 4D polarization tensor h
(0)
µν (∗x) and z is given by Eq. (3.44).
The ation and Mukhanov equation for a perturbation generated by a
tahyon eld has an additional fator in front of k2 in Eqs. (4.31) and (4.37),
namely the speed of sound for the perturbation: k2 → c2Sk2. Sine the SSUR
does not aet produts of homogeneous quantities, the nonommutative gen-
eralization of the tahyoni salar amplitude is straightforward [290℄. Now,
one may ask how the inhomogeneous version of the original Born-Infeld La-
grangian (2.27) is modied when inserting the *-produts. Let us reall that
nonommutativity naturally arises in string theory when a Neveu-Shwarz
Neveu-Shwarz (NS-NS) B-eld is swithed on in the low-energy tree-level
ation. However, this results in a linearization of the tahyoni ation and,
on the other hand, a large nonommutative parameter may trigger brane
deay proesses [320℄; therefore, the simple nonommutative version of the
osmologial tahyon might seem too naïve.
Anyhow, tahyon senarios are not new to ounterintuitive behaviours.
In the slow-roll approximation, ǫ ∝ T˙ 2 ≪ 1, the Lagrangian (2.27) an be
linearized and the resaled eld φ =
√
V T behaves like an ordinary salar;
nevertheless, the theoretial predition enoded in the onsisteny relations
is dierent with respet to that of the genuine salar senario, see Eqs. (4.7)
and (4.8). Here, there happens something similar, imagining to turn on and
inrease the B-eld smoothly, and the nal result diers from the salar ase
indeed.
Moreover, the stringy linearization is a feature of realization (4.15) rather
than (4.13) and the former may give rise to a dierent osmologial model in
whih FRW isotropy is not preserved [308℄; also, a priori it would be highly
nontrivial to onstrut a Lorentz-violating osmologial brane model (in fat,
2
For the tahyon the omoving momentum is resaled as k → kcS , but at lowest SR
order cS ≈ 1.
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in the ase of a dS brane, maximal symmetry is ruial for oordinate-
separating the graviton wave equation [51, 252℄).
To further understand the diulties lying in a full implementation of
nonommutative string theory in osmology, it is important to stress that
all that has been said about the algebra (4.15) (i.e. instability and osmo-
logial senarios) is true only in a purely spatial *-produt, θ0i = 0. When
trying to introdue nonommutativity in both spae and time, as is the ase
of realization (4.13), it may be diult to ahieve a oherent, well-dened
theory. In fat, in the Seiberg-Witten limit reproduing the nonommutative
geometry, θµν and α
′Bµν are kept xed while Bµν →∞ and the Regge slope
α′ → 0. Let Ei = B0i be the eletri part of the NS 2-form and assume
|Ei| 6= 0. Then, while the B-eld goes to innity and approahes the riti-
al value Ecr = (2α
′)−1, a lassial instability develops and the rate of open
string pair prodution diverges [321℄; heuristially, the string is tore apart
by the inreasing eletri eld strength. For these reasons we regard algebra
(4.13) as the starting point of the osmologial setup rather than the ulti-
mate produt of some high-energy theory, for the moment leaving the details
of the latter aside.
4.3.4 The UV region
In order to orretly evaluate the perturbation spetra, one must determine
the time η˜0 when the kth mode is generated and, later, when it rosses the
Hubble horizon. Beause of the momentum uto (4.26), the analysis for
the nonommutative ase must be onduted separately in the mildly and
strongly nonommutative regions.
From the very beginning, one an dene the time η˜∗ when a perturba-
tion with wave number k rosses the horizon by the formula k∗ ≡ k(η˜∗) =
a(η˜∗)H(η˜∗). This relation provides an operative denition of the number of
e-foldings (k ∝ HeN) and the time variation of k, Eq. (3.18). Of ourse, this
is valid for any osmology in whih time denitions have zero unertainty,
that is for ommutative osmologies and nonommutative osmologies in the
range far from the upper bound (4.26), in the so-alled ultraviolet (UV) re-
gion, where k∗ ≪ k0. In fat, the time of horizon rossing is dierent from its
ommutative ounterpart η˜c, sine η˜c < η˜∗ and the rossing mode is delayed
[282℄. In [292℄ this eet is quantied as kc/k∗ = exp(η˜c − η˜∗).
On the ontrary, one might dene the horizon rossing through the zk
funtion as
k2∗ =
1
zk
d2zk
dη˜2
≈ 2(aH)2 , (4.41)
and get an extra fator of 2; due to the struture of the Mukhanov equation,
this approah would be valid in any ase, let it be the ommutative or the
nonommutative one.
In the UV region, the osmologial energy sale when the perturbation is
generated is muh smaller than the stringy sale, H(η˜ >η˜0) ≤ H(η˜0) ≪ Ms,
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and nonommutative eets are soft; thus, the smeared versions a± of a an
be approximated by a sine
kl2s ≪ τ∗ (UV region) , (4.42)
from Eq. (4.11). It is onvenient to dene the nonommutative parameter
µ ≡
(
kH
aM2s
)2
, (4.43)
whose time derivative is
µ˙ = −4Hµǫ . (4.44)
Note that this relation states that µ is almost onstant in a rapidly aelerat-
ing bakground, regardless of its magnitude. The analogy with the evolution
equations of the SR tower, e.g., Eq. (2.80), suggested the authors of [291, 292℄
treat µ as a sort of SR parameter, keeping all the parameters at the same
trunation level in the expressions of the UV observables.
At horizon rossing,
µ∗ = µ|k=√2aH = 2
(
H
Ms
)4
, (4.45)
and Eq. (4.44) is valid for µ∗, too. The ultraviolet region is by denition
the region in whih H/Ms ≪ 1;3 it is haraterized by long wavelength
perturbations generated inside the Hubble radius and, in a CMB spetrum,
this would orrespond to the portion of the Sahs-Wolfe (inationary) plateau
with not-too-small spherial modes, 10 . l . 100.
In the ommutative ase, to use one pivot sale instead of the other
amounts to dierent next-to-lowest-order expansions in the SR parameters;
the 4D onsisteny equations are thus unaeted, sine the introdution of
the optimized pivot sale (4.41) results in a resaled oeient C → C+ln√2
whih is not present in them (see, e.g., [292℄ and referenes therein for details).
This is also true in the RS senario [89℄ as well as in general path osmology
[90℄.
In the nonommutative ase, the hange of the pivot sale doubles the
magnitude of the parameter (4.45). The resulting models will display the
same theoretial features of the k = aH models, but shifted bakward along
the energy sale determined by the ratio H/Ms. Observational onstraints
should take the resaling of the string mass into aount, when hanging the
pivot sale.
In the limit (4.42), we an Taylor expand the sale fators a± around τ
for small k. To rst order in the SR parameters and to all orders in µ, the
nonloal dependene of the sale fator is
a(τ ± kl2s) = a(τ) {1±
√
µ+ [±√µ− (1±√µ) ln(1±√µ)] ǫ}+O(ǫ2) ,
(4.46)
3
Without risk of onfusion, we will ontinue to use the symbol µ to indiate the ratio
H/Ms when disussing the UV limit (µ≪ 1) of spetral quantities.
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where the fator in front of ǫ omes from a series whose radius of onvergene
is µ ≤ 1. More preisely, when µ∗ ≤ 1 then H/Ms . 0.8 . Sine we are
interested in lowest-SR-order amplitudes, we an neglet the SR tower and
nd
a± ≈ (1±√µ) a . (4.47)
The onrete proedure to ompute the spetral amplitudes will be to use the
horizon-rossing formula (4.41) at η˜∗ in the UV region, and the saturation
time η˜0 in the infrared (IR) region. In [282℄ and other papers these instants
are dubbed η˜k and η˜
0
k, respetively, to highlight the dependene on the wave
number.
4.3.5 BH model IR region
In the IR region things are quite dierent: the wave modes are generated out-
side the horizon and, sine they are frozen until they ross the horizon, their
magnitude depends on the time when they were generated. This orresponds
to the (k-dependent) time η˜0 when the SSUR is saturated, k(η˜0) = k0(η˜0), and
quantum utuations start out with their vauum amplitude. The eetive
and smeared sale fators must be evaluated at this instant; the expansion
(4.47) is no longer valid sine H ≫ Ms in the infrared. To proeed one an
expliitly use the exat solution around whih the equation of motion for the
perturbation has been expanded. The power-law solution a = a0t
n
orre-
sponds to a onstant index w, when the sale fator is a(τ) = α0τ
n/(n+1)
, and
H = nα0τ
−1/(n+1)/(n + 1), where α0 = (n + 1)n/(n+1)a
1/(n+1)
0 . For an expo-
nential sale fator (de Sitter expansion, n→∞), a(τ) = Hτ , in aordane
with Eq. (4.11). From Eqs. (4.26) and (4.22),
τ0 = kl
2
s
√
1 + δ , (4.48)
where τ0 = τ(η˜0) and
δ ≡
(
2
µ∗
)1/2
=
(
Ms
H
)2
. (4.49)
In the infrared region,
kl2s ≈ τ0 (IR region) , (4.50)
and
a = Hkl2s
√
1 + δ , (4.51)
a± = Hkl2s
(√
1 + δ ± 1
)
, (4.52)
where evaluation at τ0 is understood. When δ ≫ 1, we reover the UV or
quasiommutative region sine kl2s ≪ τ0 ≤ τ∗. Atually, the UV and IR
spetra may be joined together in an intermediate region, as it was shown in
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[287℄; in partiular, see their Eq. (12), orresponding in the de Sitter limit
to Σ2 ∼ δ(1− 3√µ∗/2). We will not be able to reover this spetrum within
our formalism; however, we will desribe other hybrid regimes by using the
methods adopted in the IR region (2 ≤ l . 10) for δ ≫ 1. For future
referene, note that
δ˙ = 2δHǫ . (4.53)
4.3.6 New model IR region
In the New model, the eetive sale fator is given by Eq. (4.29). From
Eq. (4.26),
τ0 = kl
2
s
√
1 + γ , (4.54)
where
γ ≡ 1
2
(√
1 + 4δ2 − 1
)
. (4.55)
With this denition, the new expressions for a and a± are idential to Eqs.
(4.51) and (4.52), with δ replaed by γ. Equation (4.53) is replaed by
γ˙ =
4γ(γ + 1)
1 + 2γ
Hǫ . (4.56)
In the far IR region, γ ≈ δ2 ≪ 1, while in the UV limit γ ≈ δ ≫ 1.
Without further justiations, the IR region of the spetrum, H ≫ Ms,
may be not very satisfatory from a string-theoretial point of view, either
beause we are above the fundamental energy sale
4
and due to the above-
mentioned lassial instabilities. As it is done in many other oasions in
early-Universe osmology, we will turn a blind eye to this point and seek
what are the observational onsequenes of the extreme regime of the present
nonommutative models.
4.4 Nonommutative zoology
We are ready to ollet all the mahineries developed so far and inspet the
nonommutative models at hand.
4.4.1 BH1
In the BH1 ase,
Σ2 =
2(a+a−)3
a4(a2+ + a
2−)
. (4.57)
In the UV region,
Σ2 =
(1− µ∗)3
1 + µ∗
, σ =
8µ∗(2 + µ∗)
1− µ2∗
, σ¯ =
8(µ2∗ + µ∗ + 1)
(2 + µ∗)(1− µ2∗)
. (4.58)
4
However, the spae-momentum stringy unertainty relation, implying ∆xp ≥ ls, is not
a universal property of the theory.
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For µ≪ 1 one reovers the nearly ommutative, µ-expanded behaviour5
Σ2 ≈ 1− 4µ∗ , σ ≈ 16µ∗ , σ¯ ≈ 4 . (4.59)
In the IR region,
Σ2 =
δ3
(2 + δ)(1 + δ)2
, σ =
4(2δ + 3)
(2 + δ)(1 + δ)
, σ¯ =
2δ(2δ2 + 6δ + 5)
(3 + 2δ)(2 + δ)(1 + δ)
.
(4.60)
In the ommutative limit (δ ≫ 1), Σ2 ≈ 1, while in the strongly nonom-
mutative regime (δ ≪ 1), Σ2 ≈ δ3/2 and σ ≈ 6 − 5δ, in agreement with
[287℄.
6
4.4.2 BH2
From Eqs. (4.22) and (4.35),
Σ2 =
a+a−
a2
. (4.61)
In the UV,
Σ2 = 1− µ∗ , σ = 4µ∗
1− µ∗ , σ¯ =
4
1− µ∗ . (4.62)
For µ≪ 1, σ ≈ 4µ∗ and σ¯ ≈ 4. In the IR,
Σ2 =
δ
δ + 1
, σ =
2
δ + 1
, σ¯ =
2δ
δ + 1
. (4.63)
When δ ≪ 1, σ ≈ 2(1− δ).
4.4.3 New1
The orretion to the ommutative amplitude reads
Σ2 =
2(a+a−)3/2
a2(a+ + a−)
. (4.64)
In the UV region,
Σ2 = (1− µ∗)3/2, σ = 6µ∗
1− µ∗ , σ¯ =
4
1− µ∗ . (4.65)
In the IR limit,
Σ2 =
(
γ
1 + γ
)3/2
, σ =
6
1 + 2γ
, σ¯ =
8γ(γ + 1)
(1 + 2γ)2
. (4.66)
In the strongly nonommutative limit (γ ≪ 1), Σ2 = γ3/2 and σ = 6+O(δ2).
5
Throughout the paper we will keep only the leading-order term in the approximated
σ¯ sine there is a σ fator in front of it in Eqs. (4.7) and (4.8).
6
Eqs. (44)(47) of [282℄ are not orret, due to a missing power of y in the inserted z2k;
in Eqs. (23)(25) of [287℄ the orret amplitude is reovered.
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4.4.4 New2
From Eqs. (4.29) and (4.35),
Σ2 =
√
a+a−
a
. (4.67)
The UV limit gives
Σ2 =
√
1− µ∗ , σ = 2µ∗
1− µ∗ , σ¯ =
4
1− µ∗ . (4.68)
In the IR region,
Σ2 =
(
γ
γ + 1
)1/2
, σ =
2
1 + 2γ
, σ¯ =
8γ(γ + 1)
(1 + 2γ)2
. (4.69)
For γ ≪ 1, σ = 2 +O(δ2).
4.4.5 Disussion
To summarize, we an ompare the onsidered models in the perturbative
limits, that is, the UV ommutative limit (µ≪ 1) and the IR nonommuta-
tive limit (δ ≈ √γ ≪ 1). Trivially, in the nonperturbative or ommutative
IR region (δ ≈ γ ≫ 1), a ≈ a± and one reovers the standard spetrum,
Σ2 = 1 and σ = 0; also, by onstrution, the nonommutative UV region is
ill-dened.
In general, we an write the UV ommutative limit of the relevant quan-
tities as
Σ2 ≈ 1− bµ∗ , (4.70a)
σ ≈ 4bµ∗ , (4.70b)
σ¯ ≈ 4 , (4.70)
where b is a onstant. As antiipated, the struture of the IR amplitudes
also permits a perturbative expansion around 1/δ; in this ase, spetral am-
plitudes are evaluated at k . k0 via the power-law solution. The IR ommu-
tative limit is then
Σ2 ≈ 1− b
√
µ∗/2 , (4.71a)
σ ≈ 2b
√
µ∗/2 , (4.71b)
σ¯ ≈ 2 ; (4.71)
from the previous disussions, it is natural to interpret this as an intermediate
momentum region at the edge of the UV regime, around µ . 1 where Eq.
(4.47) eases to be valid, and orresponding to perturbations generated aross
the Hubble horizon. In fat, what one does is hit this region starting from
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the low-momentum IR side. The above-mentioned juntion spetrum of [287℄
is loated somewhere loser to the infrared.
Table 4.1 shows that all the models display similar asymptoti limits
towards dierent numerial oeients, the BH ones being larger than the
New ones; the oeient of BH1 is 4 times that of model 2 within eah
region (UV or IR), while this ratio is redued to b1/b2 = 3 in the New model.
Thus, there is less dierene between model New1 and model New2 with
respet to that ourring between BH1 and BH2, further onrming that the
half-smearing of the new senario somehow softens nonommutative eets.
UV IR
b Σ2 σ
BH1 4 δ3/2 6
New1 3/2 δ3 6
BH2 1 δ 2
New2 1/2 δ 2
Table 4.1: Nonommutative perturbation amplitudes in the UV (rst order
in µ≪ 1) and IR (rst order in δ ≪ 1) limits.
The intermediate spetrum (4.71) breaks down when Σ2 < 0, that is
when H/Ms > 0.5 (BH1), 0.8 (New1), 1 (BH2) and 1.4 (New2); therefore
Eq. (4.71) well desribes lass 2 models at the UV boundary µ . 1 while it
is not partiularly reliable for lass 1 models.
In the deep UV or ommutative limit, the linear approximation (4.70)
properly enodes all the phenomenology of the models; however, the exat
nonommutative amplitude better desribes the behaviour of the osmologi-
al observables in the full span of the UV region. To see this, let us ompare
the funtion σ, governing the energy dependene of the spetral index (4.4),
with its approximated version σ
appr
given by Eq. (4.70b); we plot the quan-
tity (σ − σ
appr
)/σ for the UV models in Fig. 4.1. The BH2, New1 and New2
models display the same linear trend in µ∗, while the BH1 urve is a little
below the bisetor; the approximation error is up to 50% for µ∗ . 0.5, or-
responding to H/Ms . 0.7, and goes below 10% when H/Ms . 0.5. An
Figure 4.1: The relative approximation error (σ − σ
appr
)/σ vs µ∗ in the UV
setor. The thin line is for BH1, the thik line is a superposition of BH2,
New1 and New2.
analogous treatment of Eqs. (4.7) and (4.8) shows that the dierene be-
tween the µ-exat and the approximated salar running may be even greater
than the WMAP experimental error for this observable, αs − αs,appr & 10−2,
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Figure 4.2: The relative approximation error (σ − σ
appr
)/σ vs δ in the IR
setor. The thin solid line is for BH1, the thin dashed line is for BH2 and
the thik line is a superposition of New1 and New2.
(Non)ommutative nt/r
models GB RS 4D
Commutative UV (σ = 0) −1 −2 −2
Class 1 IR (σ = 6) 5 2 4
Class 2 IR (σ = 2) 1 −2
3
0
Table 4.2: The onsisteny equation (4.9) in the ommutative UV and non-
ommutative IR limit.
for any θ and suitable values for ns and r in the allowed range. Therefore,
the following analysis has been onduted with the full nonlinear amplitude.
Table 4.1 reports the nonommutative high-energy limit in the IR region.
In partiular, the spetral amplitude of New1 is twie the amplitude of BH1;
however, within eah lass (1 and 2) a unique set of onsisteny relations is
generated. In the perturbative nonommutative limit, δ ≪ 1, the IR version
of (σ − σ
appr
)/σ is shown in Fig. 4.2. The relative approximation error is up
to 20% for the BH models and δ . 0.5, while it is up to 40% for the New
models. The urves of New1 and New2 models oinide.
In standard osmology, the onsisteny equation relating the tensor index
nt and r is adopted in order to redue the spae of parameters. The funtion σ
in Eq. (4.9) ontains a new theoretial parameter, the string energy saleMs,
whih enlarges the standard spae of osmologial variables. In priniple, this
might pose some problems if one wanted a reasonably stringent onstraint on
the observables, faing an unertainty similar to that one gets when keeping
nt unxed [322℄. In the UV ommutative region σ ≪ 1, however, one an
use the known results for the 4D, RS and GB likelihood analyses in order to
ompare the onsisteny equations in the allowed range.
The IR nonommutative limit is easier to deal with sine the asymptoti
form of Eq. (4.9) is independent of the string sale, as it is shown in Table 4.2.
Some features are partiularly interesting: (i) The infrared RS2 models are
the only ones with a negative tensor tilt, other nonommutative realizations
giving a tilt sign opposite to that of the ommutative ase; (ii) 4D lass
2 models predit an exatly sale-invariant tensor spetrum to lowest order
in SR, setting nt ∼ O(ǫ2); (iii) The highest proportionality oeient is
provided by GB lass 1 models, allowing a greater tilt given the same tensor-
to-salar ratio. Then the perturbation spetra tend to be blue tilted in the
IR region relative to the UV ommutative ase.
7
7
It is interesting to note that the sign of the orretion to the salar index (+) and
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Figure 4.3: Comparison of BH and New models in the ultraviolet (a) and
infrared (b) region (thik line: 1-models; dashed line: 2-models).
Although there are 3 · 24 = 48 models at hand and a great amount of
information to deal with, some preliminary onsiderations will permit us to
simplify suh an intriate taxonomy and draw theoretial urves in a reason-
able region in the ns-r plane. Let us rst ompare the BH senario with the
New one and dene |σ| ≡ (σ
BH
+ σ
New
)/2 and ∆ ≡ (σ
BH
− σ
New
)/|σ|. Figure
4.3(a) shows that in the ommutative region BH and New models are onsid-
erably dierent, being ∆UV1 = 2(µ∗+5)/(7µ∗+5) ∼ 10/11 when µ∗ → 0 and
∆UV2 = 2/3. In the limit µ∗ → 1, ∆UV1 → ∆UV2 ; this is a spurious eet due
to the breaking of the Taylor expansion (4.47), as one an see by onsidering
the ommutative limit of the IR spetra in Fig. 4.3(b). In fat, ∆IR1 6= ∆IR2
when δ → √2 and, as expeted, ∆IR1 → 10/11 and ∆IR2 → 2/3 when δ →∞.
All this is in aordane with Table 4.1. However, in the IR nonommutative
limit there is little dierene between BH and New models, being ∆ . 10%.
Therefore, we will only show the results of New in the infrared and skip the
almost idential ounterparts in BH.
A similar inspetion shows that lass-1 and lass-2 models are quantita-
tively nondegenerate, getting σ1 = 3σ2 for New and BH-IR, and σ1 = 4σ2 for
BH-UV, in agreement with Table 4.1. Note that these results are independent
of the bulk physis.
The versatility of the path formalism allows oupling it to a nonommu-
tative bakground in a great number of ways. For example, a realisti piture
of the osmologial evolution would be to adopt one partiular path regime
in a time interval when a given region of the (non)ommutative spetrum is
generated; one may then assoiate the IR region of extra-horizon-generated
perturbations with the early-Universe high-energy period, when the extra
dimension opens up and the Friedmann equation suers either GB or RS
modiations. The onsequent evolution is GB-IR→ RS-IR/UV→ 4D-UV.
Another possibility is to onsider pure energy pathes and study the non-
ommutative spetrum in GB, RS, and 4D separately.
4.5 Consisteny equations and observations
The introdution of the new degree of freedom provided by the nonommu-
tative parameter does not ompliate the analysis of Se. 3.5.1, nor triggers
further degeneraies in any of the onrete (non)ommutative braneworlds.
Let us onsider the onsisteny relations (4.7), (4.8), (4.9) and (4.10) in their
losed form, assuming the prior (3.60). Sine theoretial degeneray of on-
sisteny relations should be independent of the partiular value of horizon-
its running (−) agrees with the results oming from a pure spatial realization of the
nonommutative algebra [308, 316℄.
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rossing quantities, we investigate only the IR ase with onstant σ, that is
in the IR limit δ ≪ 1 (σ¯ = 0) .
We do not are for exat degeneray and onsider only eetive and tensor
degeneray between two models (ψ, θ, σ) and (ψ′, θ′, σ′), always disarding
the ommutative ase σ = σ′ = 0. Path models display lowest-order tensor
degeneray when
(2 + θ − σ)ζq = (2 + θ′ − σ′)ζq′ . (4.72)
If σ 6= σ′, this translates into σ4D − σGB = 1, σ4D = 2σRS/3, or 2σRS/3 −
σGB = 1. As regards eetive degeneray:
• φ↔ T : Salar and tahyon models are never degenerate;
• φ ↔ φ: Degeneray is possible only when σ 6= σ′ and at least one
of the two models is not 4D, RS or GB. In general, it must be θ =
(3σ′ + 10θ′ − 2σ′θ′ − 15)/(2 − θ′), σ = (σ′ − 5θ′ + 5)/(2 − θ′) and
ζq = ζq′(2− θ′);
• T ↔ T : The degeneray onditions read θ − σ = θ′ − σ′ and ζq = ζq′.
Therefore, σ4D − σGB = 1.
To summarize, among the known braneworld ommutative models there
are two lowest-SR-order tensor degeneraies, one between salar and
tahyon osmologies and one between the four-dimensional senario and the
Randall-Sundrum braneworld; when nonommutativity is turned on, these
braneworld models an be degenerate with suitable values of the nonom-
mutative parameter, but not in the lasses investigated above. This result
holds under the standard assumption (3.60), whih permits to lose the ex-
pression for the salar running. If the inaton potential does not satisfy suh
a dynamial onstraint, as in the ase of power-law ordinary ination, then
the onsisteny relations (4.7) and (4.8) are modied. For example, we will
see that it may be onvenient to perform numerial analyses via the horizon-
ow formalism; when one neglets the third ow parameter ǫ3 with respet
to ǫ1 = ǫ, it turns out that the salar and tahyon senarios are always ee-
tively degenerate if Eq. (4.72) holds, sine the salar running is then given
by Eq. (4.10) in both ases [93℄. The disussion for the lowest-order tensor
degeneray would thus also apply to the eetive degeneray. Should this
be the most realisti senario, the adoption of one eld instead of the other
would be important only at seond order in this model-independent ontext,
in whih nothing about the shape of the potential is said; anyway, the univer-
sal equation (4.72) would ontinue to determine the ondition for degeneray,
exluding oinident preditions from the braneworld (non)ommutative se-
tups we have onsidered.
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Figure 4.4: ∆αs as a funtion of r and µ∗ in the 4D ultraviolet region with
ns = 1. The nonommutative models are BH1 (a), BH2 (b), New1 () and
New2 (d).
Figure 4.5: ∆αs in Randall-Sundrum BH1 ultraviolet as a funtion of r. The
values for the salar index are ns = 0.9 (dashed lines), 1 (solid lines), 1.1
(dot-dashed lines); the values for µ∗ are 0 (thin lines), 0.2 (thik lines) and
0.4 (very thik lines).
Figure 4.6: ∆αs as a funtion of r for ultraviolet GB-BH1 (a), 4D-BH1 (b),
GB-BH2 (), 4D-BH2 (d), GB-New1 (e), 4D-New1 (f), GB-New2 (g), 4D-
New2 (h). The values for the salar index are ns = 0.9 (dashed lines), 1
(solid lines), 1.1 (dot-dashed lines); the values for µ∗ are 0 (thin lines), 0.2
(thik lines) and 0.4 (very thik lines).
4.5.1 A rst estimate of nonommutative eets
Let us ompare the running of the salar index of ordinary-inaton and
tahyon-inaton elds,
∆αs ≡ αs(φ)− αs(T ) . (4.73)
Sine the graphi material is very abundant, we give just a seletion of it;
the full set of bi- and three-dimensional gures of this and other ombined
analyses are available upon request to the author. Dierent analyses would
point out other important aspets of the models; one may set his/her fany
free by looking at ross omparisons with general relative running Eq. (3.75).
It should be noted that observations might not distinguish between the ordi-
nary salar and the tahyon, ∆αs = 0 (see Se. 4.7.2). However, the example
provided by Eq. (4.73) still gives an idea of the order of magnitude of non-
ommutative eets that an disriminate between one path and another.
In Fig. 4.4 the relative running ∆αs(ns = 1, r, µ∗) is presented for 4D
nonommutative models in the ultraviolet. Two-dimensional slies are then
displayed in Figs. 4.5 and 4.6. Figure 4.5 shows that the relative running in
Randall-Sundrum is rather modest; on the ontrary, in GB and 4D nonom-
mutativity may onspire to bias Eq. (4.73) and, in partiular, the salar run-
ning above the urrent WMAP unertainty estimates, O(10−2). Braneworld
eets, if any, should beome more apparent in Plank data, for whih the
foreasted error is one order of magnitude smaller, ∆αs ∼ O(10−3) [281℄. In
eah 2D plot we keep the ommutative model as a referene. Note that to
inrease either ns or δ (µ
−1
∗ ) pushes ∆αs towards positive values. Finally,
Figs. 4.7 and 4.8 show some features of the New senarios in the infrared
region.
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Figure 4.7: ∆αs as a funtion of r and δ in the GB infrared region with
ns = 1. The nonommutative models are New1 (a) and New2 (b).
Figure 4.8: ∆αs as a funtion of r for infrared GB-New1 (a), 4D-New1 (b),
GB-New2 (), 4D-New2 (d). The values for the salar index are ns = 0.9
(dashed lines), 1 (solid lines), 1.1 (dot-dashed lines); the values for δ are 0.2
(thin lines), 0.4 (thik lines) and 0.6 (very thik lines).
4.6 Large-eld nonommutative models
Even if the dynamial onditions are slightly more preise within the Hubble
SR formalism, the V-SR towers of Ses. 2.3.2 and 2.3.4 t better for numerial
analyses like that we are going to arry out in Se. 4.7. Using the relations of
Se. 2.3.5, the inationary observables A2s, ns, and R = 16r read, to lowest
SR order,
A2s(φ) =
9β6q
25π2
V 3q
V ′2
Σ2 , (4.74a)
ns − 1 = 2ηφ − (4− σ) ǫφ (4.74b)
=
1
3β2qV
q
[
2V ′′ + (σ − 6)q
2
V ′2
V
]
, (4.74)
R =
16q
6β2qζq
V ′2
V q+1
. (4.74d)
For the tahyon, the inationary observables are
A2s(T ) =
9β6q
25π2
V 3q+1
V ′2
Σ2 , (4.75a)
ns − 1 = 2ηT − (2 + θ − σ) ǫT (4.75b)
=
1
3β2qV
q
[
2U ′′ − (4 + θ − σ)q
2
U ′2
]
, (4.75)
R =
16q
6β2q ζq
V ′2
V q+2
. (4.75d)
In this setion we onsider an important lass of inaton potentials, namely,
the large-eld models
V (ψ) = V0ψ
p , ψ = φ, T , (4.76)
in whih the inaton eld starts with a large initial value and rolls down
towards the potential minimum at smaller ψ. The linear potential with
p = 1 orresponds to the border of large-eld and small-eld models. The
exponential potential
V = V0 exp (−ψ/ψ0) , (4.77)
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haraterizes the border of large-eld and hybrid models. This ase an be
regarded as the p→∞ limit of the polynomial potential (4.76).
Making use of the ESR approximation we obtain
N(φ) ≈ −3β2q
∫ φf
φ
V q
V ′
dφ , (4.78)
for the salar eld φ, and
N(T ) ≈ −3β2q
∫ Tf
T
V q+1
V ′
dT , (4.79)
for the tahyon eld T . Here we make use of the bakward denition N =
ln(af/a) of the number of e-foldings.
The potentials (4.76) and (4.77) over a number of exat solutions either
exatly or approximately. In fat, the ommutative solutions of Se. 2.5 are
perfetly viable in the nonommutative ase too, sine the nonloal physis
does not aet the homogeneous bakground. The unique apparently subtle
point is that in the IR region one expliitly uses the exponential solution to
onstrut the perturbation amplitudes, ontrary to the UV ase in whih it
is impliitly assumed in the approximation of onstant SR parameters. How-
ever, the subtended philosophy is quite the same, that is to nd a general
solution with onstant nonzero SR parameters and then to perturb it with
small time variations. Despite these simple onsiderations, the preditions of
these homogeneous models denitely hange when spaetime beomes non-
ommutative.
4.6.1 The ordinary salar eld φ
For the salar potential (4.76) with the ordinary salar eld φ, we have
ns − 1 = −pV
1−q
0
6β2q
p(6q − σq − 4) + 4
φ2+(q−1)p
, (4.80)
R =
16qp2
6β2q ζqV
q−1
0
φ(1−q)p−2 . (4.81)
We an estimate the eld value at the end of ination by setting ǫφ(tf) = 1,
whih yields φ
p(q−1)+2
f ≈ qp2/(6β2qV q−10 ).8 Then the number of e-foldings
(4.78) is
N =
3β2qV
q−1
0
p[p(q − 1) + 2] φ
p(q−1)+2 − qp
2[p(q − 1) + 2] , (4.82)
8
One may adopt the riterion ηφV (tf ) = 1 to estimate the value φf , but the dierene
is small as long as p/N ≪ 1.
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whih is valid for p 6= 2/(1 − q). The salar index and the tensor-to-salar
ratio are
ns − 1 = − p(6q − σq − 4) + 4
2N(pq − p+ 2) + pq , (4.83)
R =
16qp
ζq
1− ns
p(6q − σq − 4) + 4 . (4.84)
As disussed in Se. 4.2.1, the tensor-to-salar ratio R does not involve the
parameter σ, sine this quantity is invariant by taking the nonommutative
eet into aount; this is evident when expressing Eq. (4.84) in terms of
N . The main hange due to spaetime nonommutativity appears for the
spetral index ns.
For the ommutative spaetime (σ = 0) one an easily verify that the
above results redue to what was derived in [278℄ for the 4D and RS senarios.
In these ases salar perturbations are red tilted (ns < 1). The spetrum an
be blue tilted when nonommutativity is swithed on. For example, let us
onsider the nonommutative limit σ → 6. In this ase we have
ns − 1 = 4(p− 1)
2N(pq − p + 2) + pq for σ → 6 , (4.85)
whih means ns > 1 for p > 1. Therefore it is possible to explain the loss of
power in the spetrum at large sales, as we shall see in Se. 4.8.3.
The exponential potential (4.77) orresponds to the limit p→∞ in Eqs.
(4.83) and (4.84), thereby yielding
ns − 1 = 4− (6− σ)q
2N(q − 1) + q , (4.86)
R =
16q
ζq[2N(q − 1) + q] , (4.87)
whih is valid for q 6= 1.9 This gives the border between large-eld and hybrid
models
R = − 16q
ζq(6q − σq − 4)(ns − 1) . (4.88)
In the ase of 4D (q = 1) we nd that the border of large-eld and hybrid
models extends to the region of ns > 1 for σ > 2. Thus, in the regime where
the nonommutative eet beomes important (2 ≤ σ ≤ 6), one an obtain
a blue-tilted spetrum even in the large-eld models, whih is not possible in
the ommutative ase.
Note that the border of large-eld and small-eld models orresponds to
p = 1, giving
R = − 16
ζq(6− σ)(ns − 1) . (4.89)
This border does not extend to the region ns > 1 for σ < 6.
9
The power-law ination does not end for the 4D ase unless the slope of the exponential
potential hanges.
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4.6.2 The tahyon eld T
For the salar potential (4.76) with the tahyon eld T , we have
ns − 1 = − p
6β2qV
q
0
pq(4 + θ − σ) + 4
T 2+qp
, (4.90)
R =
16qp2
6β2q ζqV
q
0
T−2−qp . (4.91)
Sine ination ends at T qp+2f ≈ qp2/(6β2qV q0 ), the number of e-foldings is
estimated as
N =
3β2qV
q
0
p(pq + 2)
T pq+2 − qp
2(pq + 2)
, p 6= −2
q
. (4.92)
Then we get
ns − 1 = −p(6q − σq − 2) + 4
2N(pq + 2) + pq
, (4.93)
R =
16qp
ζq
1− ns
p(6q − σq − 2) + 4 , (4.94)
where we used Eq. (2.16). For the 4D0 spaetime, these results reprodue
what was obtained in [185℄. The tensor-to-salar ratio is smaller relative to
the ase of the ordinary salar eld φ, thus preferred observationally [188℄.
The eet of nonommutativity an lead to a blue-tilted spetrum (ns > 1)
as is similar to the ase of the eld φ.
For the exponential potential (4.77) one gets
ns − 1 = −4 + θ − σ
2N + 1
, (4.95)
R =
16
ζq(2N + 1)
, (4.96)
whih is obtained by taking the limit p→∞ in Eqs. (4.93) and (4.94). This
gives the border of large-/hybrid-eld models
R = − 16
ζq(4 + θ − σ)(ns − 1) . (4.97)
In the 4D ase this border belongs to the region ns > 1 for σ > 4.
The border of large-/small-eld models is
R = − 16q
ζq(6q − σq + 2)(ns − 1) , (4.98)
whih does not extend to the region ns > 1 for σ < 6.
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4.6.3 The dierene between φ and T
By Eqs. (4.83) and (4.93) we nd that the spetral index ns of the ordinary
eld and the tahyon eld diers both in the denominator and the numerator.
By Eqs. (4.84) and (4.94) the dierene for the ratio R only appears in the
denominator
R =
16qp
ζq[2N(qp+ 2− b) + qp] , (4.99)
where b = p for ψ = φ, and b = 0 for ψ = T . Therefore the tensor-to-salar
ratio in the tahyon ase is smaller than in the ordinary salar eld ase
when p > 0. This property implies that tahyon ination is less aeted
by observational pressure as was pointed out in the 4D ommutative ase
[188℄. In the next setion we shall study this issue in detail in the ontext of
nonommutative ination.
4.6.4 Theoretial struture of the ns-R plane
Before onsidering eah nonommutative ase, it is important to understand
the behaviour of the theoretial urves on the ns-R plane. The eet of the
nonommutative parameter σ has a straightforward geometrial interpreta-
tion. Let us dene x ≡ ns−1 and y ≡ R, together with the polar oordinates
̺ ≡√x2 + y2 and sinϑ ≡ y/̺ entered at (1, 0) in the ns-R plane. From the
last setion, we know that
y = γ(q, p, σ)x , (4.100)
γ(q, p, σ) = − 16qp
ζq[p(6q − σq − c) + 4] , (4.101)
where c = 4 for ψ = φ, and c = 2 for ψ = T . Then, ̺2 = (1 + γ2)x2 and
tanϑ = γ. Sine pq > 0 in the ases we onsider, ϑ is a dereasing funtion
in terms of σ. Therefore, as σ inreases, the theoretial points are rotated
lokwise in the ̺-ϑ plane. This rotation is mainly governed by σ rather than
p when p is large, whih an be seen from the omputation of the logarithmi
variation of γ:
d ln γ
dp
=
4
qp2
d ln γ
dσ
. (4.102)
This also implies that, for a given σ, the three models p = 2, 4,+∞ lie on a
wider range of radii for smaller values of q. As we shall see later, this eet
is partiularly evident in the Gauss-Bonnet ase with respet to the 4D and
RS ases in the same (non)ommutative lass.
The divergene of γ at the asymptote ϑ = π/2 identies those models
generating a sale-invariant salar spetrum ns = 1. They are listed in Table
4.3 for xed σ and q. In partiular, ordinary-salar lass 2 models annot
give ns = 1 if one imposes the ondition p(q−1)+2 6= 0 for ination to have
a natural end. The tahyoni ounterparts are those with pq + 2 6= 0, and
only the 4D2 ase is exluded.
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Note that lass 1 path models admit only one sale-invariant potential
for eah inaton, that is, the linear potential for φ and the quadrati one for
T . Another frequent ase is p = −2 (salar 4D0, tahyon 4D2 and tahyon
GB2), whih however does not math with the exat power-law solutions of
Se. 2.5 (RS salar and 4D tahyon). Anyway our interest in this paper are
the models with positive p (p ≥ 2) that lead to natural reheating.
σ
0 (Class 0) 6 (Class 1) 2 (Class 2)
4D −2 1 ∞
φ RS −1/2 1 −1
GB ∞ 1 3
4D −1 2 −2
T RS −2/5 2 −2/3
GB −2 2 −6
Table 4.3: Values of p for sale-invariant models.
4.7 Likelihood analysis: nonommutative
ination
In this setion we study onstraints on a number of path inationary mod-
els in nonommutative spaetime using a ompilation of reent high-preision
observational data. In partiular, we perform likelihood analyses
10
in terms
of inationary observables using the new onsisteny relation (4.9) and on-
front them with large-eld inationary models with potential V ∝ ψp in the
two lasses of IR nonommutative senarios. In [278, 279℄ it was shown that
the 4D/RS quarti haoti potential (V ∝ φ4) is under a strong observational
pressure and that steep ination driven by an exponential potential is ruled
out. This situation hanges if we aount for the Gauss-Bonnet urvature
invariant in ve dimensions. One eet of the GB term is to break the degen-
eray of the standard onsisteny relation [51℄. Although this does not lead to
a signiant hange for the likelihood results of the inationary observables,
the quarti potential is resued from marginal rejetion for a wide range of
energy sales [53℄. Even steep ination exhibits marginal ompatibility for a
suient number of e-folds (N & 55).
Here we implement both braneworld and nonommutative frameworks as
well as the standard 4D ommutative/nonommutative paradigm. Our nu-
merial analysis based on reent observational data will show that the gen-
eral shape of likelihood ontours in the ns-R plane is deformed independently
10
The likelihood analysis is one of the so-alled top-down approahes: one asks what
is the probability that a theory prediting a given set of observables would realize the
observed experimental data [323℄.
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by braneworld and nonommutative eets. The major modiation to the
4D/RS ommutative osmology appears for the upper bound of R = 16r,
roughly setting it in a 2σ interval with 0.5 . R
max
. 0.7. The salar index
always ranges 0.9 < ns < 1.1 at the 2σ level.
For later onveniene we dub the ommutative spaetime (σ = 0) as lass
0. Also, in the gures the 4D ase is indiated as GR (general relativisti).
4.7.1 HF onsisteny equations
At rst order in the HF parameters dened in Se. 2.3.7, the spetral indies
of salar and tensor perturbations are given by
ns − 1 = −(2 + θ − σ)ǫ1 − ǫ2 , (4.103)
nt = −(2 + θ − σ)ǫ1 . (4.104)
The lowest-order ratio of tensor-to-salar perturbations is
R =
16ǫ1
ζq
, (4.105)
while the runnings of the spetral indies are given by
αs = −(2 + θ − σ)ǫ1ǫ2 − σσ¯ǫ21 − ǫ2ǫ3 , (4.106)
αt = −(2 + θ − σ)ǫ1ǫ2 − σσ¯ǫ21 . (4.107)
The resulting (nonlosed) set of onsisteny equations is
nt = −(2 + θ − σ)Rζq
16
, (4.108)
αs =
Rζq
16
{
(2 + θ − σ)(ns − 1) +
[
(2 + θ − σ)2 − σσ¯] Rζq
16
}
− ǫ2ǫ3 ,
(4.109)
αt =
Rζq
16
{
(2 + θ − σ)(ns − 1) +
[
(2 + θ − σ)2 − σσ¯] Rζq
16
}
. (4.110)
Notably these relations do not depend on whih inaton eld one is assuming
on the brane, exept for the term ǫ2ǫ3. This means that the likelihood analysis
for the eld φ in terms of the variables ns, R, and ǫ3 with given values of q,
σ, and σ¯ is idential to the one for the tahyon T .
With the SR parameters the running of the salar perturbations splits
into Eqs. (4.7) and (4.8); then one would need to perform two separate
likelihood analyses. In this sense, the HF parameters are a more onvenient
hoie for numerial purposes than the SR parameters, while the adoption
of the SR parameters better highlights the dierene between the salar and
tahyon dynamis already to rst order.
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4.7.2 Likelihood ontour bounds
In [287℄ the CMB spetrum of power-law ination was divided into three
main regions, ultraviolet, intermediate, and infrared. If the IR spetrum
orresponds to the sale around 1 < l . 10, then the osmologially relevant
modes with 10 . l . 1000 also belong to the same IR spetrum. This is
beause the harateristi sale of this spetrum is ks3 = 10
−5ks2, where ks2
is an intermediate sale around whih the IR desription beomes invalid
[see Eq. (12) of [287℄℄. However, it was assumed that it is the intermediate
spetrum that dominates at large sales (1 < l . 10), following the approah
of Ref. [286℄.
In this setion we will adopt another perspetive, that is, to onsider the
far IR regime as a dominant ontribution to the large-sale spetrum. So we
shall assume that the IR spetra Σ2 ≈ δ3 [lass 1, whih is Eq. (23) of [287℄
in the de Sitter limit℄ and Σ2 ≈ δ (lass 2) orretly desribe the large-sale
setor with 1 < l . 10. Sine one generally has ks2 ≫ ks3, it is natural
to use the IR power spetrum over the osmologially relevant sales with
1 < l . 2000.
We have run the Cosmologial Monte Carlo osmom ode together with
the amb program [324, 325, 326℄, applied to the latest observational data
oming from the data set of WMAP [327℄, 2dF [328℄, and SDSS [81, 86℄. We
implement the band powers on small sales (800 . l . 2000) oming from
CBI [329℄, VSA [330℄, and ACBAR [331℄ experiments.
The set of inationary observables is {A2s, R, ns, nt, αs, αt, σ}. The tensor
index is absorbed via the onsisteny equation (4.108) while αt is ignored
sine its osmologial impat is too small to be deteted in urrent obser-
vations. The atual set of parameters is {A2s, ǫ1, ǫ2, ǫ3, σ} or equivalently
{A2s, ns, R, ǫ3, σ}. For several xed values of σ (σ = 0, 2, 6) we have numeri-
ally found that ǫ3 is poorly onstrained and is onsistent to be set to zero
aording to the standard assumption
|ǫ3| ≪ ǫ1 . (4.111)
We also ran the numerial ode when the SR parameters ǫ, η, and ξ are
varied. Sine the running αs is onstrained to be |αs| . 0.03 in order for the
Taylor expansion of the power spetrum to be valid [276℄, one annot put
large values of the prior on ξ2. Making use of the fat that ξ2 is of the same
order as ǫ1ǫ2 and the two HF parameters are onstrained to be ǫ1 . 0.03
and |ǫ2| . 0.1 [276℄, we should put the prior around ξ2 < 0.003. In this ase
our likelihood analysis shows that ξ2 vanishes onsistently, Eq. (3.60). We
found that the likelihood values of inationary and osmologial parameters
are very similar to the ase in whih the HF parameters are used.
In what follows we shall show the numerial results obtained by using HF
parameters, sine this is more onvenient beause of the degeneray between
the ordinary eld φ and the tahyon eld T .
We ran the numerial ode for the 4D ase by varying A2s, ns, R, and
σ with ǫ3 = 0. We hose the parameter range 0 ≤ σ ≤ 6 and found that
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Figure 4.9: Marginalized probability distributions of inationary parameters
(ns, R, A
2
s, σ) for the 4D ase with prior 0 ≤ σ ≤ 6 and ǫ3 = 0. The
likelihood analysis does not hoose a preferred value of the nonommutative
parameter σ [93℄.
σ does not show a good onvergene. This means that urrent observations
do not hoose a preferred ommutative or nonommutative model. Then the
analysis was performed for three xed values of σ, inluding the ommutative
limit (σ = 0) and two lasses of nonommutative IR limits (σ = 6, 2).
In the 4D ase the onsisteny relation (4.108) reads nt = −(2− σ)R/16,
whih means that the ratio nt/R ranges −1/8 ≤ nt/R ≤ 1/4. As found in
Fig. 4.9, σ does not selet a preferred value, sine the R = 0 ase is not ruled
out anyway. Therefore nonommutative ination is allowed observationally
as well as the ase of ommutative spaetime.
Sine the UV ommutative ase has already been investigated in litera-
ture, we will onentrate ourselves to the IR nonommutative region. This
hoie is also ditated by a tehnial reason. In the ommutative limit σ
depends upon both the Hubble parameter, evaluated at the horizon rossing,
and the string mass Ms. As we have seen, even if the tensor spetral index is
xed by Eq. (4.108), the introdution of the extra degree of freedom σ results
in a poor onstraint on the parameter itself. On the ontrary, in the far IR
region the funtion σ approahes nonzero onstant values as shown in Table
4.1. This allows us to impose the onsisteny equation (4.108) and onretely
redue the spae of parameters, setting a meaningful sheme of analysis for
the nonommutative models. Moreover, the amplitude of gravitational waves
is strongly damped for angular sales with l & 10 and the relations (4.105)
and (4.108) only aet the large sales with l . 10, orresponding to the IR
region. In this sense, using a onstant σ is a good approximation.
In Fig. 4.10 we plot the 1σ and 2σ observational ontour bounds for the
4D ase with σ = 0 (GR0), σ = 6 (GR1) and σ = 2 (GR2). Figures 4.11
and 4.12 orrespond to the likelihood ontours for the RS and GB ases,
respetively.
11
These results hold for both the salar eld φ and the tahyon
eld T beause of the use of the HF parameters.
In the 4D ase, the lass 2 (σ = 2) is rather speial sine R and nt vanish.
The lass 2 ontour extends to higher values of R relative to the ommutative
plot, while the lass 1 ontour allows larger values of |ns−1| but with a smaller
R
max
. Thus the nonommutativity of a model is not monotonially measured
by σ (with greater σ orresponding to larger eets) and nonloal features
make their appearane in a nontrivial way.
11
The likelihood ontour for the Gauss-Bonnet ase is slightly dierent from what was
obtained in [53℄. This is beause in that paper the authors onsidered the exat GB
senario and assumed that the running of the spetral indies is zero, sine the expressions
of the exat RS and GB regimes are very ompliated. This resulted in a lower upper
bound for R.
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Figure 4.10: The 1σ and 2σ observational ontour bounds for the 4D ase.
Eah ontour urve orresponds to (a) GR0 (σ = 0), solid line; (b) GR1
(σ = 6), dashed line; () GR2 (σ = 2), dotted line. We also show the
border of large-eld and hybrid inationary models for (a) GR0, (b) GR1
and () GR2 ases. The region on the left of eah border orresponds to the
parameter spae in large-eld models. Nonommutative spaetime allows the
border extending to the region ns > 1 [93℄.
Figure 4.11: The 1σ and 2σ observational ontour bounds for the RS ase.
The meaning of the urves and the borders are the same as in Fig. 4.10 [93℄.
We an do similar onsiderations for the RS ase (where the maximal
elongation is ahieved for σ = 6) and for the GB one (where the lass 1
behaves in a totally dierent manner); see Figs. 4.11 and 4.12. Note that
the degeneray between 4D and RS is removed for σ > 0, both from a
theoretial and observational point of view.
4.8 Likelihood analysis: onstraints on
large-eld models
We are ready to plae onstraints on large-eld nonommutative inationary
models using the observational ontour bounds obtained in Se. 4.7.2. We
plot the theoretial values of ns and R for N = 45, 50, 55, 60 on the likelihood
ontours. Typially one an restrit the number of e-folds to N . 65 [332℄,
but it is suient to show the values up to N = 60 to judge whether the
models we onsider are ruled out or not.
4.8.1 The ordinary salar eld φ
Let us rst study the observational onstraints on the large-eld models
for the ordinary eld φ. In Figs. 4.134.15 the theoretial values (4.83)
and (4.84) for the potential (4.76) are plotted in the 4D, RS, and GB ases
together with 1σ and 2σ ontour bounds. Hereafter we shall onsider eah
ase separately in order to larify the situation.
4D ase
It is well known that the ommutative 4D ase (σ = 0) is observationally
disfavoured for the quarti potential (p = 4). In this ase the theoretial
Figure 4.12: The 1σ and 2σ observational ontour bounds for the GB ase.
The meaning of the urves and the borders are the same in Fig. 4.10 [93℄.
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Figure 4.13: Observational onstraints on large-eld models for the 4D ordi-
nary eld φ together with the 1σ and 2σ ontour bounds for three lasses of
(non)ommutative senarios. The theoretial values orrespond to (a) p = 2
(dots) and (b) p = 4 (triangles), respetively, with the number of e-folds
N = 45, 50, 55, 60 (from top to bottom in eah panel and for eah p) [93℄.
Figure 4.14: Observational onstraints on large-eld models for the RS ordi-
nary eld φ. Eah ase orresponds to (a) p = 2 (dots), (b) p = 4 (triangles)
and () exponential potential with p → ∞ (squares), respetively, with the
number of e-folds N = 45, 50, 55, 60 (from top to bottom in eah panel and
for eah p) [93℄.
points are outside of the 2σ ontour bound for a number of e-folds N < 60.
In the nonommutative lass 1 ase (σ = 6) the spetral index ns is larger
than 1 by Eq. (4.85). The tensor-to-salar ratio R is independent of σ, so
this value is the same as the one in the lass 0. As one an see in Fig. 4.13,
the quarti potential is outside of the 2σ bound for N < 55. Therefore this
ase is also marginal as in the lass 0 ase.
The nonommutative lass 2 ase (σ = 2) orresponds to a salar spetral
index smaller than 1, but it is loser to a sale-invariant spetrum relative
to the lass 0 ase. This shifts the theoretial points inside of the 2σ bound
and allows the quarti potential even for N = 45. Then a mild spaetime
nonommutativity in whih σ is lose to 2 is favoured for the observational
ompatibility of the quarti potential. Note that the quadrati potential
(p = 2) is allowed in all three models, irrespetive of the degree of nonom-
mutativity, as learly shown in Fig. 4.13.
RS ase
In ommutative RS spaetime, the quarti potential is under a strong obser-
vational pressure as is similar to the 4D0 ase, and the steep ination driven
by an exponential potential (p→∞) is ruled out [278, 279℄.
This situation is improved in the lass 1 nonommutative senario. Sine
the spetral index ns takes a value whih is slightly larger than 1 and the 2σ
ontour bounds extend to the region with R > 0.6, even the steep ination
is allowed (see Fig. 4.14).
Meanwhile in the lass 2 ase the exponential potential is outside of the
2σ bound unless the number of e-folds N is larger than 60. The quarti
potential moves inside of the 2σ bound relative to the lass 0 ase, thus
beoming ompatible with observations.
In the RS ase strong nonommutativity lose to σ = 6 is favoured
observationally rather than mild nonommutativity like σ = 2, in ontrast
with the 4D ase.
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Figure 4.15: Observational onstraints on large-eld models for the GB or-
dinary eld φ. Eah ase orresponds to (a) p = 2 (dots) and (b) p = 4
(triangles), respetively, with the number of e-folds N = 45, 50, 55, 60 (from
top to bottom in eah panel and for eah p). In the GB1 ase the quadrati
potential is far outside of the 2σ bound [93℄.
GB ase
In the Gauss-Bonnet braneworld osmology the GB dominant stage with
q = 2/3 is followed by the RS stage with q = 2. In Ref. [53℄ theoretial
values of ns and R were derived for the ase where ination ends in the RS
regime. Here we study a situation in whih the end of ination orresponds
to the GB regime. In this ase we do not have a suient amount of e-folds
for p > 6, so it is not meaningful to onsider steep ination.
In ommutative spaetime the quarti potential is ruled out observation-
ally, while the quadrati potential is inside of the 1σ bound, see Fig. 4.15.
In the lass 1 ase the spetral index for the quarti model is larger than
1.1 for a number of e-folds N < 65, thus far outside of the 2σ bound. In this
sense the eet of strong nonommutativity lose to σ = 6 is not welome
to save the quarti potential. On the other hand, the quadrati potential is
not ruled out due to a little departure from sale invariane.
The lass 2 nonommutative senario exhibits an interesting feature to
have ns lose to 1 even for the quarti potential. As seen in Fig. 4.15 the
quarti potential is within the 2σ bound for N > 50, thereby ompatible
with observations. This situation is similar to the 4D ase.
4.8.2 The tahyon eld T
Let us next onsider the observational onstraint on the tahyoni large-eld
models.
4D ase
The 4D ommutative ase was already investigated in [185, 188℄. Sine the
tensor-to-salar ratio is smaller relative to the normal salar eld ase, this
leads to the ompatibility with observations. Even steep ination is deep
within the 2σ ontour bound.
Beause of this small value of R, the lass 1 and lass 2 nonommutative
senarios are also allowed as shown in Fig. 4.16. The lass 1 senario orre-
sponds to a spetral index ns larger than 1, but this does not deviate from a
sale-invariant spetrum. All ases with p = 2, p = 4 and p = ∞ are inside
of the 2σ ontour bound.
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Figure 4.16: Observational onstraints on large-eld models for the 4D
tahyon eld T together with the 1σ and 2σ ontour bounds for three lasses
of (non)ommutative senarios. Eah ase orresponds to (a) p = 2 (dots),
(b) p = 4 (triangles) and () exponential potential with p → ∞ (squares),
respetively, with the number of e-folds N = 45, 50, 55, 60 (from top to bottom
in eah panel and for eah p) [93℄.
Figure 4.17: Observational onstraints on large-eld models for the RS
tahyon eld T . Eah ase orresponds to (a) p = 2 (dots), (b) p = 4
(triangles) and () exponential potential with p→∞ (squares), respetively,
with the number of e-folds N = 45, 50, 55, 60 (from top to bottom in eah
panel and for eah p) [93℄.
RS ase
The RS ase exhibits larger values of the tensor-to-salar ratio ompared to
the 4D ase. However, the quadrati and quarti potentials are always within
the 2σ bound. The exponential potential is also allowed for the e-folds with
N & 50. See Fig. 4.17.
GB ase
By Eq. (4.102) eah inationary model (p = 2, 4,∞) in the GB ase (q =
2/3) lies on a wider range of radii ̺ relative to the 4D and RS ases. In
spite of this property, even steep ination is ompatible with observations in
both ommutative and nonommutative spaetimes. In summary, tahyon
ination is allowed irrespetive of the slope of the potential due to a small
tensor-to-salar ratio in all path osmologies we have onsidered. See Fig.
4.18.
4.8.3 Suppression of CMB low multipoles
In [286, 287, 288℄ it was shown that it is possible to explain the loss of
power at low multipoles at least partially using the modied spetrum in the
UV regime (τ ≫ kl2s). Here we will onsider the situation in whih the spe-
trum on osmologially relevant sales is generated in the IR nonommutative
regime.
Figure 4.18: Observational onstraints on large-eld models for the GB
tahyon eld T . Eah ase orresponds to (a) p = 2 (dots), (b) p = 4
(triangles) and () exponential potential with p→∞ (squares), respetively,
with the number of e-folds N = 45, 50, 55, 60 (from top to bottom in eah
panel and for eah p) [93℄.
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Figure 4.19: The CMB angular power spetrum showing the eets of
suppression of power at low multipoles. Curve (a) is the 4D ommuta-
tive model with (ns, R) = (0.967, 0.132) orresponding to the quadrati po-
tential. Curves (b) and () are the 4D1 nonommutative senario with
(ns, R) = (1.018, 0.144) and (ns, R) = (1.049, 0.263), respetively. Note that
these values are ahieved for the quadrati and quarti potentials in the 4D1
ase, respetively [93℄.
As seen in the likelihood ontours, the best-t value of ns is smaller
than 1 and is insensitive to whih presription we adopt for the spaetime
(non)ommutative struture. The loss of power on large sales is diult
to be explained in the standard onordane senario. If we take the eet
of spaetime nonommutativity into aount, it is possible to have a sup-
pression of power due to a blue-tilted spetrum. For example, the potential
(4.76) gives rise to the blue spetrum for the 4D1 nonommutative ase. Of
ourse, the large spetral index ns & 1.05 is ruled out as seen in Fig. 4.13,
but the quadrati potential (p = 2) gives the observationally allowed value
around ns ∼ 1.02. The quarti potential (p = 4) orresponds to a marginal
ompatibility with observations, but it is welome to explain the loss of power
on the largest sales.
In Fig. 4.19 we plot the CMB angular power spetra for several dier-
ent ases. The spetrum exhibits some suppression around 1 < l . 10 in
nonommutative spaetime relative to the ommutative one. The quarti
potential leads to a stronger suppression ompared to the quadrati one, but
the smaller-sale spetrum tends to show some disagreement with observa-
tions for larger ns. Anyway, it is intriguing that single-eld nonommutative
ination leads to a blue-tilted spetrum suitable for explaining the suppres-
sion of low multipoles, sine this is diult to be ahieved in ommutative
spaetime, even with a very blue-tilted spetrum ns & 3 [333℄, unless we in-
trodue another salar eld as in the ase of hybrid ination (see also [334℄).
Another mehanism generating a blue spetrum at large sales an be found
in [335℄.

5Dualities in path osmology and
other issues
Tirem-me daqui a metafísia!
 Fernando Pessoa, Lisbon revisited (1923)
Spare me metaphysis!
The ultimate theory of everything, if any, is a long-living mirage that
physiists and mathematiians have been pursuing for years in the attempt
to solve many fundamental problems rooted in our modern view of the Uni-
verse. One of the open issues is how to reonile general relativity and
quantum physis, two separate branhes that experiments and observations
have widely aepted as meaningful desriptions of natural phenomena, at
least eah in its own range of inuene. The marriage between the two
would require deep modiations of both and, although great progress has
been made in this diretion thanks to string theory, a happy ending to the
story is still missing. In partiular, the mostly suessful big bang model
of osmologial evolution, whih manages to glue gravitation and miro-
physis together in a very nontrivial way, sits on the paradox of the ini-
tial singularity: the original point from whih all ame derees the fail-
ure of general relativity as a self-ontained framework, sine the relevant
osmologial quantities diverge by denition when going bak to the rst
instant of the past. At present we know that quantum eets an re-
solve suh a point into a nite spek and smooth out the worried innities
[336, 337, 338, 339, 340, 341, 342, 343, 344, 345, 346, 347, 348, 349℄.
From a philosophial perspetive, the big bang has raised many questions
about the nature of time and its birth, leading to the (indeed not new
1
)
hypothesis that the Universe may experiene a yli suession of expansions
and ontrations in whih the big bang singularity is just a transitory phase
1
For instane, as regards the Theravada Buddhist tradition see Buddhaghosa, Visud-
dhimagga, 13.404-409.
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(a boune) in a wider proess of evolution; see [350, 351, 352, 353, 354,
355, 356℄ for old attempts to implement this idea. At a semilassial level,
the struture of the perturbations generated through the boune an be more
ompliated than the standard one in a monotonially expanding universe; for
example, vetor modes annot be negleted during the ontrating phase in
ontrast to their deaying behaviour in the post big bang phase [357℄. General
phenomenology of yli models and bouning osmologial perturbations
have been studied, e.g., in [358, 359, 360, 361, 362, 363, 364, 365℄; the ase of
a bouning losed universe has been investigated in [366, 367, 368, 369, 370,
371℄.
Moreover, bouning at osmologies may require a violation of the null
energy ondition, aording to whih light rays are foused by matter:
ρ+ p ≥ 0 , (5.1)
where ρ and p are the energy density and pressure of a perfet uid desribing
the matter ontent of the early Universe [358, 360, 363, 372, 373, 374℄. Until
now, we have adopted the standard lore of well-established energy onditions.
What about abandoning the old path in favour of more speulative senarios?
In partiular, an some of the most popular objetions against embarrassing
forms of matter be irumvented? Reently, many people have been onsid-
ering senarios in whih the dark energy ontent of the observable Universe
is of a nononventional nature, namely, violating the null energy ondition
(5.1). The eld assoiated to an equation of state p = wρ with w < −1 is
alled phantom [375℄ and its properties an give rise to a new sort of sin-
gularity as well as to an explanation of urrent observations of dark energy
[376, 377, 378, 379, 380, 381, 382, 383, 384, 385, 386, 387, 388, 389, 390, 391,
392, 393, 394, 395, 396, 397, 398, 399, 400, 401, 402, 403, 404, 405, 406, 407,
408, 409, 410, 411, 412, 413, 414, 415, 416, 417, 418, 419, 420, 421, 422, 423,
424, 425, 426, 427, 428, 429, 430, 431, 432℄. For suh a salar eld, the viola-
tion of the null energy ondition is ahieved by a kineti term with negative
sign and this may lead to unitarity problems when quantizing the eld (also:
partiles with negative energy propagate forward in time). However, negative
kineti energies arise in supersymmetri models and higher-derivative-gravity
theories [433, 434℄, while string models an desribe brane physis in whih
the eetive 4D null energy ondition is not preserved [435℄; also, anti de
Sitter ongurations do violate the dominant energy ondition.
An interesting singularity-free setup, alternative to ination and moti-
vated by string theory, is the ekpyroti senario, whih explains the large-
sale small anisotropies of the osmi mirowave bakground via a ollision
between wrinkling branes [436, 437, 438, 439, 440, 441, 442, 443, 444, 445, 446,
447, 448, 449, 450℄. A general-relativisti treatment of ekpyroti/yli se-
narios predits a sale-invariant salar spetrum (with salar index ns−1 ≈ 0)
and a blue-tilted tensor spetrum nt ≈ 2, while standard ination generates
almost sale-invariant spetra. In the latter ase, this is a onsequene of
the SR approximation, stating that both the parameter (2.14) and its time
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derivative must be suiently small.
2
Conversely, the yli model ahieves
sale invariane when ǫ¯ ≡ ǫ
yli
≫ 1.
The searh of viable bouning mehanisms has led to explore several pos-
sibilities that involve, for instane, varying ouplings [451℄, nonommutative
geometry [452℄, quantum gravity and osmology [453, 454, 455, 456℄ (see
also [457℄). In partiular, a Randall-Sundrum modiation of the Friedmann
equations has been onsidered [458℄, in whih a phantom omponent may
help to tear apart blak holes during the boune [459, 460℄. Also, the big
bang singularity an be avoided by the ombined eet of Gauss-Bonnet and
indued gravity terms [461℄.
Reently, two remarkable dualities were disovered in at osmology, one
relating inationary to ekpyroti/yli spetra [462, 463, 464, 465, 466, 467℄
and the other onneting inationary to phantom spetra [405, 467, 468, 469,
470, 471℄. More preisely, given an inationary model there exist both yli
and phantom osmologies with the same spetra and suh that
ǫ¯ = 1/ǫ , (5.2a)
ǫˆ = −ǫ , (5.2b)
ǫ¯ = −1/ǫˆ , (5.2)
where ǫˆ ≡ ǫ
phantom
. Other dualities an be found in [472, 473℄. In four
dimensions, these dualities (ination-ontration, ination-phantom, and
ontration-phantom) are exat for arbitrary (even varying) ǫ, in the sense
that not only the dynamis but also the osmologial spetrum of salar
perturbations is preserved. The issue has then been generalized to the
braneworld ontext [94, 474℄. Sine braneworld spetra are broken under
duality, and mapped into a quantitatively dierent ontratinglike or phan-
tomlike spetra, these transformations are not symmetries in the strit mean-
ing of the word.
In this hapter we shall investigate the above-mentioned triality for a
general ommutative path and show that Eq. (5.2) no longer realizes exat
orrespondenes between yli, inationary, and phantom pathes. Aord-
ing to the new relations we will establish, any expanding universe is mapped
to either a ontrating or phantom universe whih no longer display exatly
the same salar perturbations. In addition, it will turn out that the gen-
eralized version of the 4D ontrating (phantom) mapping gives rise to a
phantom (ontrating) dual solution when ipping the sign of q.
By onsidering the general invariane of the path Hamilton-Jaobi equa-
tions we will be able to onstrut dual solutions with regular behaviour, that
is not suering sudden future singularities, between dierent pathes, whih
we will all ross dualities (Se. 5.2). Then, we shall larify the relation
between path osmologies dominated by an ordinary salar eld and the
tahyoni ones (Se. 5.3).
2
In the following we will refer to ǫ as the SR parameter even when the slow-roll
approximation ǫ≪ 1 is not
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Another interesting insight omes from the omparison of (q > 0, w <
−1) and (q < 0, w > −1) pathes. To see this, take the ase of a normal
salar eld, Eq. (2.21); an ESR expansion of the energy density yields ρq ∝
qφ˙2
e
/2+V
e
, where the eetive theory inludes the dimensional ontribution
of βq. If q < 0, the kineti term has the same wrong sign of phantom models.
From a mathematial point of view, the phantom universe displays interesting
properties suh as the presene of a nite-time singularity when w is onstant
[big smash or big rip [375, 378, 385℄, see Eq. (2.17) with w < −1℄ and,
as said before, a orrespondene resembling the sale-fator duality of pre-
big-bang osmology whih is a symmetry of the low-energy string eetive
ation and is obtained with the mapping a(t)→ a−1(−t) [475, 476℄ (for some
reviews on string and pre-big-bang osmology, see [477, 478, 479℄). Even
expanding path osmologies with negative q have a nite-time singularity
with divergent sale fator, although the density evolution shows the opposite
trend. This fat, together with the nonanonial eetive theory whih seems
to haraterize suh models, invites to investigate if there is some relation
between q < 0 path osmologies and senarios with phantom uids, whih
we will do in Ses. 5.2.1 and 5.4. At last, inspired by a modied version of
the phantom duality we shall outline some proposals for (i) a new bouning
senario, (ii) the generation of features in the power spetrum breaking sale
invariane, and (iii) an alternative to standard ination.
5.1 Preliminary remarks
5.1.1 Broken dualities
We an see that the dualities (5.2a) and (5.2b) are broken in their sim-
plest form when onsidering nontrivial pathes. A rst evidene omes from
the equations of motion for salar perturbations, whih in four dimensions
are invariant under the mapping ǫ → ǫ−1 for dominant and subdominant
modes, separately [462, 463, 464℄. The eetive 4D equations of motion
of the (Fourier-transformed) salar-perturbation modes in the longitudinal
gauge are the Mukhanov equation (3.6) and(
d2
dη2
+ k2 − 1
ϑ
d2ϑ
dη2
)
vk = 0 , (5.3)
where v ≡ −Φ4/φ˙ is a gauge-invariant variable [Φ4 is the Newtonian potential
that appears in Eq. (3.25)℄ and ϑ ≡ z−1. We an express ϑ in terms of the
slow-roll parameter (2.14) and its variation γ ≡ d ln ǫ/dN with respet to
N ≡ ln afHf
aH
, (5.4)
where the subsript f denotes evaluation at the end of the inationary or
ekpyroti phase; the standard forward denition of the number of e-foldings,
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N = ln(a/ai), is related to this quantity by dN = (ǫ − 1)dN . Negleting
O(γ2) and O(dγ/dN ) terms, one nds
1
ϑ
d2ϑ
dη2
≈
(
1 +
θ
2
)(
1 +
θ
2
ǫ
)
ǫ
(ǫ− 1)2 +
ǫ2 − 1
2(ǫ− 1)2γ . (5.5)
In general relativity, a rst step towards the duality ǫ↔ ǫ−1 is to note that
the equation of motion for v is invariant under the mapping (5.2a). However,
when θ 6= 0 this duality is expliitly broken by the term inside the seond
round brakets, whih by the way ontributes to the only piee surviving for
a onstant ǫ (γ = 0). In the ase of a standard tahyoni eld, Eq. (5.5) has
an extra term proportional to γ(3 + θǫ)(ǫ − 1)ǫ/(3q − 2ǫ), whih breaks the
invariane even in four dimensions.
5.1.2 Contrating and phantom pathes
We an make the previous argument more rigorous by means of the Hamilton-
Jaobi formulation of the osmologial dynamis. First we extend the setup
of Chapter 2 to the ase of phantom elds. For an homogeneous salar eld
φ with potential V ,
ρ(φ) =
ℓ
2
φ˙2 + V (φ) , (5.6)
while for a DBI tahyon
ρ(T ) =
V (T )√
1− ℓT˙ 2
. (5.7)
Here ℓ = 1 for ordinary ausal elds and ℓ = −1 for phantoms. To avoid
onfusion, we will all standard (phantom) ordinary salar the φ eld with
ℓ = 1 (ℓ = −1), standard (phantom) tahyon the T eld with ℓ = 1
(ℓ = −1) and salar (or, sometimes, inaton) the eld satisfying the
ontinuity equation (2.10), regardless of its ation.
So far we onsidered expanding osmologies, H > 0. It is now time
to extend the equations and disussion to the general ase H ∈ R. The
Hamilton-Jaobi equations (2.76) and (2.77) beome
V (φ) =
(
1− ǫφ
3q
)
|H|2−θ, (5.8)
V 2(T ) =
(
1− 2ǫT
3q
)
H2(2−θ), (5.9)
H ′(ψ)a′(ψ) = −3q
2
ℓ|H(ψ)|θ˜H(ψ)a(ψ) , (5.10)
where we have set βq = 1; the absolute value of H is neessary and suient
to preserve the invariane under time reversal of the original equations of
motion. The Hamilton-Jaobi equation (5.10) an be reast as
y′(ψ)a′(ψ) = −y(ψ)a(ψ) , (5.11)
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Figure 5.1: The funtion y(H) in the GB (upper urve) and RS (lower
urve) expanding braneworlds. The image of H is y ≥ 1 in the rst ase and
0 ≤ y < 1 in the seond one.
where the variable y(ψ) is
y(φ) ≡ H2ℓ/3(φ), θ = 0 , (5.12)
y(ψ) ≡ exp
[
α|H(ψ)|−θ˜
]
, θ˜ 6= 0 , (5.13)
and the oeient α ≡ −2ℓ/(3qθ˜) is α = −1/3 and α = 1 for a RS and GB
braneworld without phantoms, respetively. Then, sgn(dy) = sgn(dH) when
q > 0. Figure 5.1 shows the funtion y(H) for the RS and GB ase.
It is onvenient to dene the new parameter
ε ≡ ǫ
q|H|θ˜ =
3
2
ℓ
( a
a′
)2
; (5.14)
then one an express the spetral amplitudes as A2s(φ) ∝ H2/ε, A2s(T ) ∝
Hθ/ε, and get the spetral indies from the evolution equation ε˙ = 2Hε(ǫ−η),
whih reprodues the 4D one when ε = ǫ. From now on we will set θ˜ = θ for
lighter notation.
Equation (2.14) denes the time variation of the Hubble radius RH =
H−1; this parameter an also be expressed either via derivatives of the ina-
ton eld or through the ontinuity and Friedmann equations:
ǫ = − a
a′
H ′
H
(5.15)
= −(ln y)
′2
θ ln y
, (5.16)
=
3
2
q(1 + w)− q˙
q
lnH2
2H
. (5.17)
In the last formula, we have onsidered the general ase of time-dependent
q(t). When q = onst (whih we shall assume throughout the hapter exept
when stated otherwise), then ǫ > 0 when sgn(q) = sgn(w+1), while phantom
matter with q > 0 (or ordinary matter with q < 0) reverses the sign of ǫ.
5.2 Path dualities
The Hamilton-Jaobi equations enode all the dynamial information for the
osmologial evolution. If two dierent models (ψ,θ) and (ψ′,θ′) display the
same set of equations, then we will say there is a duality between them.
Let us now onsider what transformations are symmetries of Eq. (5.11). In
5.2. Path dualities 97
general, a symmetry transformation an be written as
a¯(ψ) = f1(ψ) , (5.18a)
y¯(ψ) = f2(ψ) , (5.18b)
provided that [ln f1(ψ)]
′[ln f2(ψ)]′ = −1. In Eq. (5.18b) all the elements of y¯,
inluding θ, are evaluated in the dual path. Sine in priniple it is not possi-
ble to set β = 1 = β¯ onsistently, one should restore the dimensional fators
in the previous and following expressions, noting that [β] = E(θ+2)/(θ−2).
5.2.1 Singular dualities
A simple realization of Eq. (5.18) is
a¯(ψ) = [y(ψ)]p(ψ) , (5.19a)
y¯(ψ) = [a(ψ)]1/p(ψ) . (5.19b)
In order to satisfy the above integrability ondition, the funtion p(ψ) must
be either a onstant or
p(ψ) = p0
ln a(ψ)
ln y(ψ)
, (5.20)
where p0 is an arbitrary real onstant. For onstant p = p0,
a¯(ψ) = [y(ψ)]p0, (5.21a)
y¯(ψ) = [a(ψ)]1/p0 , (5.21b)
also onsidered in [474℄.
3
The set of equations desribing the dual solution
an be obtained from Eqs. (5.21a), (5.13) and (5.14):
a¯(ψ) = exp
(
−p0
∫ ψ
dψ
a
a′
)
, (5.22)
|H¯(ψ)| =
[
α¯p0
ln a(ψ)
]1/θ¯
, (5.23)
ε¯(ψ) ε(ψ) =
9ℓℓ¯
4p20
. (5.24)
The right-hand side of Eq. (5.23) is positive when sgn(θ) = sgn(1 − a)
and q > 0. Then a < 1 for RS and tahyon senarios and a > 1 for the
GB braneworld. Equation (5.24) reprodues Eq. (5.2a) in the ordinary
salar ase with θ = 0 and p0 = 3/2, although the 4D auxiliary variable y,
Eq. (5.12), is onstruted in a dierent way. In the ase of yli duality
(ℓ¯ = ℓ = 1), the mapping (5.21) relates a standard aelerating (ǫ < 1)
expanding universe with a standard deelerating (ǫ¯ > 1) ontrating phase
with the typial properties of yli osmology.
3
Their results are in agreement with ours when the duality transformations at on
saling solutions of a single path with L = Hθ/2.
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The transformation (5.21) onnets the sale fator of the expanding os-
mology to that of a dual osmology when expressed in terms of the salar
eld. In the dual model, the salar eld aquires a dierent time dependene
relative to its expanding ounterpart. The time variable an be written as
an integral over ψ,
t =
∫ ψ dψ
H
a′
a
; (5.25)
the time variable t¯ of the dual solution is then
t¯ =
2ℓp0
3
∫ ψ dψ
a3ℓ¯/(2p0)
H ′
H
, (5.26)
in the 4D→4D ase,
t¯ =
2ℓp0
3
∫ ψ
dψ (ln a)1/θ¯(lnH)′ , (5.27)
for the pure braneworld dual of the 4D senario, while for a general ross
duality with θ¯ 6= 0 6= θ, using Eqs. (5.13) and (5.11),
t¯ = − p0
(α¯p0)1/θ¯
∫ ψ
dψ
(ln a)1/θ¯
(ln a)′
. (5.28)
Everywhere we have omitted sgn(H¯) whih is impliit in the time-reversal
symmetry of the dual solution. The dual evolution of the salar eld will
be denoted as ψ¯(t) ≡ ψ(t¯). For q¯ = q = 1 and p0 = 3/2, these relations
reprodue the already known four-dimensional standard triality.
The exat inversion of the SR parameter ǫ¯ǫ = 1 is ahieved in any dimen-
sion by the stationary osmology a(t) = t. Otherwise, the xed points of the
transformation (5.21) are those with
ε
self-dual
≡ 3
2p0
. (5.29)
In general, we dene a self-dual solution as the set of roots of Eq. (5.29). In
four dimensions with p0 = 3/2, Eq. (5.29) redues to the self-dual ondition
ǫ = 1. From the dual of the SR parameter as given by Eq. (5.14), it is lear
that dual osmologies superaelerate either in the phantom ase with q¯ > 0
or in the ordinary one for q¯ < 0.
Let us disuss what is the struture of the yli duality in a path frame-
work with positive q and p0. For larity, we ompare the ases θ = 0,±1.
By denition, standard ination is haraterized by a monotonially varying
salar eld whih an be assumed to be inreasing with time, ψ˙ = Ha/a′ > 0.
A parity transformation ψ → −ψ always ahieves this ondition. Therefore
a′ > 0 (sine H > 0) and H ′ < 0. On the ontrary, the dual sale fator is a
dereasing funtion of ψ¯ sine a¯′/a¯ ∝ −a/a′ < 0.
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In the four-dimensional ordinary salar ase, the expanding (H¯ > 0) dual
solution has
˙¯φ = aH/H ′ < 0, a¯′ < 0, and H¯ ′ > 0; also, from Eq. (5.15)
ǫ¯ > 0. Under the time reversal
t ∈ [0,+∞[ → t ∈ ]−∞, 0] ,
˙¯ψ(t) → − ˙¯ψ(−t) ,
a¯(t) → a¯(−t) ,
H¯(t) → −H¯(−t) ,
ǫ¯(t) → ǫ¯(−t) ,
the dual osmology beomes ontrating while keeping the ondition
˙¯φ > 0
and ǫ¯ > 0 (i.e., it does not superaelerate). In a general expanding path,
the dual time evolution of the salar eld is
˙¯ψ ∝ (ln a)−1/θ, whih shows that
in the RS, GB, and tahyon senarios the evolution of the dual osmology is
not regular beause of the fator ln a.
To be onsistent with the image of y and Eqs. (5.21) and (5.23), we
require a < 1 in the RS senario and a > 1 in the GB one. In this
ase the above onsiderations hold with the same signs as in 4D and we
get ontrating solutions after a time reversal. Let t∗ be the time when
a(t∗) = 1; then ∞ > H > H∗ = H(t∗) and the dual RS sale fator a¯ ranges
from a¯∗ = exp[−1/(2H∗)] to 1. In the GB ase, ∞ > H∗ > H > 0 and
∞ > a¯ > exp(3H∗/2). As a matter of fat, in the example below the range
of the GB power-law dual solution is modied aording to the sign of the
salar eld (negative for an expanding osmology) but the underlying mes-
sage in unhanged: Beause of the dierent range of the variables involved
in the mapping (5.21), the dual osmology is only a portion of a ontrating
osmology evolving from the innite past to the origin. For this reason one
might onsider Eq. (5.21) as an inomplete mapping; rather, the restrition
on the range of a makes these solutions omplete although very peuliar,
sine the dual Hubble parameter indeed goes from innity to zero but in a
nite time interval.
Note that these features are not an eet of the path approximation we
have used for simplifying the osmologial evolution. For θ = 1, Eq. (5.13)
is a good approximation of the exat Randall-Sundrum ase, where [467℄
y2
RS
≡ ρ
ρ+ 2λ
. (5.30)
In order to make it manifest, we restore the dimensional fators and tem-
porarily redene the variable y
temp
≡ yp0 with p0 = 3/2; then, in the path
approximation δ ≡ λ/ρ≪ 1,
y
temp
= exp
( −κ24
6β2H
)
≈ 1−
√
λκ24
6H2
= 1− δ , (5.31)
whih reprodues Eq. (5.30) in the high-energy RS limit. Note that even
in the exat RS senario ǫ is not exatly inverted under the transformation
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(5.21), sine ǫ ∝ [(1+y2
RS
)/(1−y2
RS
)](y′
RS
/y
RS
)2. The dual Hubble parameter
through a¯ = y
RS
is
H¯(φ) =
√
2λa(φ)
1− a2(φ) , (5.32)
whih is positive as far as a < 1. It agrees with Eq. (5.23) in the above limit
a = y¯
temp
≈ 1− δ¯, as H¯ ≈ (2δ¯)−1. Also,
˙¯φ = −ℓ
√
8λa′
1− a2 . (5.33)
Equations (5.30), (5.32) and (5.33) fully onrm what we have said about
the struture of the dual solution, sine the image of y
RS
is the same as that
of y for q = 2.
Self-dual solutions and power-law expansion: ordinary salar ase
The self-dual solutions of the three senarios with an ordinary salar eld are
a(t) = exp [−p0 exp (−t/p0)] , θ = −1 , (5.34)
a(t) = exp(
√
2p0t/3) , θ = 1 , (5.35)
a(t) = t2p0/3 , θ = 0 . (5.36)
As an example of the duality, let us onsider the power-law ination,
a(t) = tn , ǫ = 1/n . (5.37)
The ordinary salar eld assoiated with this expansion is suh that φ˙2 ∝
tθ−2. In four dimensions, the exat osmologial solution orresponding to
this sale fator is
φ(t) = φ0 ln t , V (φ) = V0e
−2φ/φ0 , (5.38)
where φ0 =
√
2n/3. The sale fator and Hubble parameter read
a(φ) = enφ/φ0 , H(φ) = ne−φ/φ0 , (5.39)
respetively. From Eq. (5.26) with p0 = 3/2, the (time reversed) yli-dual
solution is
a¯(t) = (−t)1/n, ǫ¯ = n , φ(t) = − 2
3φ0
ln(−t) , (5.40)
after a redenition nt¯ → t. The dual of the potential an be obtained by
taking the dual of Eq. (5.8).
In the Randall-Sundrum senario, the power-law expansion is realized by
φ(t) = φ0t
1/2, V (φ) = V0φ
−2, (5.41)
5.2. Path dualities 101
Figure 5.2: The normalized RS salar eld φ as a funtion of time. The
solid horizontal line divides the solutions of the duality (5.21) with p0 = 3/2
(region φ < 1) and p0 = −3/2 (region φ > 1).
Figure 5.3: The Randall-Sundrum solutions dual to RS power-law ination
for n = 5, 10, 30 (inreasing thikness). From top to bottom, eah panel
orresponds to the φ behaviour of the dual sale fator, the Hubble parameter
and SR parameter under the duality (5.21) with p0 = 3/2 (region φ < 1) and
p0 = −3/2 (region φ > 1).
where φ0 =
√
4/3. Then, after a redenition φ/φ0 → φ,
a(φ) = φ2n, H(φ) = nφ−2, (5.42)
and Eq. (5.28) gives t = 1+ φ2(lnφ2 − 1); the dual RS osmology under the
mapping (5.21) has
a¯ = exp[p0(1− φ2)/(3n)] , (5.43a)
|H¯| = −p0[3n lnφ2]−1, (5.43b)
ǫ¯ = −3n(p0φ2 lnφ2)−1, (5.43)
where we have hosen the normalization of the sale fator suh that a¯(1) = 1.
A hanging in the sign of p0 results in dierent dual solutions. Figure 5.2
shows the time behaviour of φ in the two separate regions 0 < φ < 1 and
φ > 1; the quantities of Eq. (5.43) with p0 = 3/2 are depited in the left
side (φ < 1) of Fig. 5.3, while the yli duals with p0 = −3/2 are in the
right portion (φ > 1). Time ows from φ = 1, where the vertial line in eah
panel separates the two dual solutions.
In the allowed region φ < 1 with p0 > 0 (no phantoms, ǫ¯ > 0), the dual
sale fator a¯(φ) inreases from a¯(1) to a¯(0) in a nite time interval, while the
dual Hubble parameter goes from innity to zero in the meanwhile. Solutions
with φ > 1 and p0 < 0 behave muh better, sine they extend not only up to
the innite future, but also are nonsingular at the origin, a very promising
feature in lassial bouning models.
One gets the RS ontrating solution simply by reversing the time dire-
tion [so that the dual sale fator a¯(φ) dereases from a¯(0) or a¯(∞) to a¯(1)℄
and ipping the sign of H¯. The dual slow-roll parameter does not hange
under time reversal and keeps being positive.
By inverting Eq. (5.28) in the region φ > 1, one gets the time dependene
of the sale fator as a¯(t) ∝ exp[t/W (t/e)], where W (x) is the produt log
funtion solving the nonlinear equation x = WeW .
In the Gauss-Bonnet ase we have
φ(t) = −2nt−1/2, V (φ) = V0φ6, (5.44)
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Figure 5.4: The normalized GB salar eld φ as a funtion of time. The solid
horizontal line divides the solutions of the duality (5.21) with sgn(p0) = ±1
at the innite future φ = 1.
Figure 5.5: The Gauss-Bonnet solutions dual to GB power-law ination
for n = 5, 10, 30 (inreasing thikness). From top to bottom, eah panel
orresponds to the φ behaviour of ln a¯(φ), H¯(φ), and ǫ¯(φ) under the duality
(5.21) with p0 = 3/2 (region φ < 1) and p0 = −3/2 (region φ > 1).
together with
a(φ) = φ−2n, H(φ) = nφ2, (5.45)
where −φ/2n → φ. Equation (5.28) gives t¯ in terms of φ: it turns out that
t = 4t¯/9 =
∫
dφ φ(lnφ)−1 = −Ei[lnφ2], where Ei is the exponential integral
funtion plotted in Fig. 5.4. From Eqs. (5.21a), (5.23) and (5.24), the dual
GB osmology is
a¯ = exp[p0n(φ
2 − 1)] , (5.46a)
|H¯| = −(n/p0) lnφ2, (5.46b)
ǫ¯ = −(p0nφ2 lnφ2)−1, (5.46)
and again the yli solution with ordinary matter evolves with a¯ < ∞ for
all t and p0 > 0. On the ontrary, in the branh with p0 < 0 the dual sale
fator a¯ does not ollapse to zero at the origin and diverges in the innite
future (see Fig. 5.5). Under time reversal the yli solution evolves from
φ = 1 to φ = 0.
Things do not hange when exploring ross dualities. We an try to see
what happens, say, for the GB dual of a RS osmology (θ = 1, θ¯ = −1).
Starting from Eq. (5.42), one gets Eq. (5.46) with p0 → −p0, modulo an
irrelevant positive onstant. The image of the funtion φ(t¯) is either {φ < 1}
or {φ > 1}.
Dual potentials an be obtained via the dual of Eq. (5.8) or (5.9). Figure
5.6 shows the potential orresponding to the osmology Eq. (5.46). De-
pending on the hoie of the parameters n and p0, the funtion V¯ (φ) has a
number of loal minima and maxima, an assume negative values, and also
be unbounded from below.
The properties of osmologial potentials hange very interestingly when
going from the 4D piture to the braneworld. Take as examples fast-roll
ination with a standard salar eld and negative potentials [225, 226℄. Fast-
roll ination ours by denition when the kineti energy of the salar eld
Figure 5.6: Gauss-Bonnet potential dual to GB power-law ination under
the mapping (5.21), for some values of n and p0. The region with φ < 1
(φ > 1) orresponds to duals with p0 > 0 (p0 < 0).
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is small with respet to the potential energy, φ˙2 ≫ V (φ). In this ase one
obtains a sti equation of state (p = ρ) and a regime desribed by
a ∼ t1/3, φ˙2 ∼ t−2, φ ∼ ln t , (5.47)
from the Klein-Gordon and Friedmann equations. This implies that at early
times the kineti term dominates over any monomial potential energy V =
φm. In partiular, under these onditions the behaviour of the singularity
will depend on the kineti energy regardless of the hoie of the potential.
In a generi path with θ 6= 0, the fast-roll regime is given by
a ∼ t1/(3q), φ˙2 ∼ tθ−2, φ ∼ tθ/2. (5.48)
Thus the salar eld evolves quite dierently in the RS (θ = 1) and GB (θ =
−1) ase. Near the origin, t ∼ 0, the fast-roll regime is ahieved for any θ 6= 0
when m = 2 and for θ > 4/(2 −m) when m > 2. Therefore the behaviour
of the singularity may depend nontrivially on both the ontributions of the
energy density for suitable (and still simple) potentials on a brane (see also
[54℄).
Another result in four dimensions is that potentials with a negative global
minimum do not lead to an AdS spaetime. Aording to the Friedmann
equation H2 = ρ, the energy density annot assume negative values; there-
fore at the minimum V
min
< 0 the salar eld does not osillate and stop but
inreases its kineti energy until this dominates over the potential ontribu-
tion. Then one an desribe the instability at the minimum in the fast-roll
approximation through the only kineti term; the Hubble parameter vanishes
and beomes negative [so that (φ˙2/2)· > 0℄, and the Universe undergoes a
boune.
In a braneworld senario this might not be the ase. In fat, in the
RS brane the Friedmann equation is H2 = ρ[1 + ρ/(2λ)]. If the negative
minimum is larger than the brane tension, |V
min
| & λ, then, after an eventual
fast-roll transition, the quadrati orretion dominates near the minimum
and H2 ≈ ρ2. The salar eld an relax without spoiling the onstraints
from the equations of motion.
All that we have said an be investigated in greater detail by means
of phase portraits in the three-dimensional spae (φ, φ˙, H). Here we shall
not explore the subjet further and limit ourselves to the above qualitative
omments, whose aim was to stress that ompliated dual potentials annot
be disarded by general lassial or semilassial onsiderations. Rather,
from one side they should be studied ase by ase; from the other side, one or
more loal features enountered by the salar eld during its evolution ould
indue interesting phenomena at the quantum level, for instane triggering
premature reheating or a series of quantum tunnelings.
Self-dual solutions and power-law expansion: tahyon ase
In the tahyoni ase, from Eq. (5.23) we have H¯2 = (−2q ln a)−1, with
p0 = 3/2 for onveniene; in order to have a real Hubble parameter with
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positive q, the dual solution orresponds to the time region with a < 1. The
tahyon solution (θ = 2) to Eq. (5.29) is a(t) = exp 3
√
9t2/(8q).
Power-law ination is ahieved with a tahyon prole
T (t) = T0t , V (T ) = V0T
θ−2, (5.49)
and
a(T ) = (T/T0)
n, H(T ) = nT0/T, (5.50)
for all q, where T0 =
√
2/(3qn). Dening z ≡ (T/T0)2, Eq. (5.28) gives
z˙ ∝ −(− ln z)−1/2, and we get a real dual solution provided 0 < z < 1. Sine
z is a monotoni funtion of time (see Fig. 5.7 for z < 1), we express the
dual quantities in terms of z itself:
a¯ = exp[−z/(2qn2)] , (5.51a)
|H¯| = (−q¯n ln z)−1/2, (5.51b)
ǫ¯ = qn(−z ln z)−1. (5.51)
Consistently with Eq. (5.24), the dual Hubble radius dereases with time
and in fat the dual osmology deelerates (ǫ¯ > 1). Figure 5.8 shows the
behaviour of the found solution, together with the dual with p0 = −3/2.
Figure 5.7: Numerial plot of the funtion z(t¯) desribing the tahyoni
osmologies dual to power-law tahyon ination. The solid line divides the
solutions of the two dualities at z = 1.
Phantom and q-duality
Another duality relates standard solutions to phantom (lˆ = −1) superina-
tionary (ǫˆ < 0) osmologies through Eq. (5.21). For p0 = −3/2, one has
aˆ(ψ) = y−1(ψ) , (5.52a)
yˆ(ψ) = a(ψ) . (5.52b)
The mapping (5.52) together with Eq. (5.25) gives tˆ = −t¯, and we an get
the phantom dual solution from the yli-dual one:
ψˆ(t) = ψ¯(−t) , (5.53a)
aˆ(t) = a¯−1(−t), (5.53b)
Hˆ(t) = H¯(−t) , (5.53)
ǫˆ(t) = −ǫ¯(−t) . (5.53d)
Figure 5.8: Tahyon osmology dual to power-law tahyon ination for ar-
bitrary positive values of q and n. Eah panel orresponds to the behaviour
of a¯(z), H¯(z), and ǫ¯(z) (from top to bottom).
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One may realize a similar evolution with superaelerating sale fator by
preserving the null energy ondition (ℓ ≡ 1) and ipping the sign of q. The
mapping we impose is then
q∗ = −q , (5.54a)
θ∗ = 4− θ , (5.54b)
ǫ∗ = −ǫ . (5.54)
The eet of this orrespondene is also lear from Eqs. (5.14) and (5.23).
Atually, the hoie of the sign of q determines whether the dual solution is
superaelerating or not. Sine the region with q < 0 generates a phantom
osmology, the name yli often adopted for the transformation (5.21) with
p0 > 0 is therefore misleading in a braneworld senario with q < 0. Same
onsiderations hold for the phantom mapping, whih in this ase would
generate a solution without phantoms.
Sometimes we will say that osmologies with q < 0 mimi senarios with
phantom matter; by this we refer to the above mathing of the Hamilton-
Jaobi equations and do not mean that there is an eetive equivalene be-
tween the two, sine in the rst ase the energy density dereases when the
sale fator expands, while in the phantom ase the energy density inreases
with a.
5.2.2 Regular dualities
It is not yet lear whether the dual solutions onstruted so far, espeially
those with p0 > 0, desribe reasonable (not to mention viable) senarios. At
this point there are two possibilities. The rst one is to aept these non-
superaelerating osmologies and try to explain them by means of some
deeper and still missing theoretial ingredient. The seond one is to onsider
their exoti behaviour as a signal that we annot impose p0 > 0 (or even p =
onst) onsistently in pure high-energy braneworlds (at least in the RS and
GB ases), while the 4D osmology an be dual to another 4D osmology.
This is due to the fat that the funtions a(ψ) and y(ψ) live in dierent real
image sets. Then a new path to follow is to nd some mehanism whih
regularizes the dual solutions at the asymptoti past and future. The only
degree of freedom we ould exploit is given by the parameter p, whih by this
line of reasoning must depend on ψ. Therefore we are fored to assume Eq.
(5.20), whih generates the transformation
a¯(ψ) = [a(ψ)]p0 , (5.55a)
y¯(ψ) = [y(ψ)]1/p0 . (5.55b)
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For θ¯ 6= 0 6= θ, the other dual quantities read
H¯(ψ) =
(p0α¯
α
)1/θ¯
Hθ/θ¯(ψ) , (5.56a)
ε¯(ψ) =
ℓℓ¯
p20
ε(ψ) ⇒ (5.56b)
ǫ¯(ψ) =
θ
θ¯p0
ǫ(ψ) > 0 , (5.56)
while
t¯ = p0
(
α
p0α¯
)1/θ¯ ∫ ψ
dψ
(ln a)′
Hθ/θ¯
, (5.57)
so that ψ¯(t) = ψ(t) when θ¯ = θ.
In 4D (θ¯ = θ = 0),
H¯(ψ) = Hℓℓ¯/p0(ψ) , (5.58a)
t¯ = p0
∫ ψ
dψ(ln a)′/Hℓℓ¯/p0 , (5.58b)
ǫ¯ = ℓℓ¯ǫ/p20. (5.58)
The ross duality between the general-relativisti framework (θ = 0) and a
high-energy braneworld (θ¯ 6= 0) is, after a time redenition,
H¯(ψ) = [lnH(ψ)]−1/θ¯, (5.59a)
ǫ¯(ψ) = −ǫ(ψ)[p0θ¯ lnH(ψ)]−1, (5.59b)
t¯ = p0
∫ ψ
dψ (lnH)1/θ¯(ln a)′ . (5.59)
Clearly, the eet of Eqs. (5.55), (5.56) and (5.57) results in a resaling of
time when θ¯ = θ, as one an verify by making the substitution
p0 → p0 lnφ
2
φ2
, (5.60)
in the RS and GB power-law duals, Eqs. (5.43) and (5.46). In this ase (whih
inludes tahyon-tahyon dualities) duals without phantoms are ahieved as
long as p0 > 0.
When θ¯ 6= θ, this transformation relates the dynamis of dierent
braneworld senarios. Aording to the ross duality between RS and GB
standard ination, the dual solution does not superaelerate if, and only if,
p0 < 0. The power-law ase is trivial sine the dual GB solution is
a¯ = φ−2n¯ , H¯ = φ2 , ǫ¯ = n¯−1 , (5.61)
where n¯ ≡ −np0 and φ(t) ∝ t−1/2.
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In the power-law ase the mapping (5.55) an be realized also by
a¯(ψ) = [ln y(ψ)]s , (5.62a)
y¯(ψ) = exp
(
1
sθ
∫ ψ
dψ
H
H ′
)
, (5.62b)
where s is a real onstant, giving a power-law dual a¯ = t|s|. Note the domain
range of the dual sale fator. The dual parameter ǫ¯ is
ǫ¯ =
α
α¯θ¯θs2
|H¯|θ¯
|H|θ
1
ǫ
, (5.63)
whih shows how in general the mapping (5.62) is not equivalent to Eq.
(5.55). This an be seen also by onsidering the ation of the former in four
dimensions, where the dual Hubble parameter reads
H¯ = exp
[
−3ℓ¯
2s
∫ φ
dφ
lnH
(lnH)′
]
. (5.64)
The 4D dual of the power-law solution (5.39) is a¯ = φs, H¯ = exp(−φ2/s),
and ǫ¯ = 2φ2/s2, with potential V¯ = (1− ǫ¯/3) exp(−sǫ¯). If s < 0, there is an
instability as φ→∞, while for positive s the potential has a loal minimum
at ǫ¯∗ = 3 + 1/s [being V ′′(ǫ¯∗) ∝ s℄ and vanishes at large φ.
One an devise other transformations of the Hamilton-Jaobi equation
than Eqs. (5.21), (5.55) and (5.62). The last example we give is the following:
a¯(ψ) = exp
(
−1
r
∫ ψ dψ
a′
)
, (5.65a)
y¯(ψ) = exp[ra(ψ)] , (5.65b)
where r is a real onstant. For θ¯ 6= 0 6= θ, the basi equations are
|H¯| =
( α¯
ra
)1/θ¯
, ǫ¯ = −r
θ¯
a′2
a
, ˙¯ψ = −ra′
( α¯
ra
)1/θ¯
. (5.66)
The RS→RS dual (r < 0) has
a¯ ∼ exp t1−n, (5.67a)
H¯ ∼ t−n, (5.67b)
ǫ¯ ∼ tn−1. (5.67)
The RS→GB dual (r > 0) has
a¯ ∼ exp t(1−n)/(1−2n), (5.68a)
H¯ ∼ tn/(1−2n), (5.68b)
ǫ¯ ∼ t(1−n)/(1−2n). (5.68)
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The GB→GB dual (r > 0) has
a¯ ∼ exp t(1+n)/(1+2n), (5.69a)
H¯ ∼ t−n/(1+2n), (5.69b)
ǫ¯ ∼ t−(1+n)/(1+2n). (5.69)
In the limit n → ∞, the GB dual of both RS and GB osmology is a¯ ∼
exp
√
t, that is the Randall-Sundrum self-dual solution with respet to Eq.
(5.21) and p0 = 3/2.
5.3 Relations between φ and T osmologies
5.3.1 Slow-roll orrespondene
Beause of the nonstandard kineti term in the equation of motion for the
tahyon, there is no eld redenition onneting Eqs. (3.23) and (2.31);
in other words, the salar and tahyon elds are dynamially inequivalent.
However, we have seen that in the extreme slow-roll approximation the two
desriptions are not distinguishable to lowest SR order, sine, near a loal
extremum V ≈ onst, one an resale T suh that φ = √V T and V (φ) ≈
V (T ) [see Eq. (2.76)℄. For this reason, any osmologial observable generated
by an inationary mehanism with suiently slow rolling will be rather
insensitive to whih of the equations of motion is governing the dynamis.
As another example, we onsider inationary non-Gaussianity in Appendix
B.
In general, this rst-order orrespondene between salar-lled and
tahyon-lled bakgrounds allows to relate osmologies with dierent index
q [162℄. Thus, one might expet similar preditions for rst-order quantities
when there is no brane-bulk exhange; however, seond-order eets may not
be irrelevant when omparing the theory with observations, as it has been
seen in Ses. 3.5.2 and 4.5.1. Outside the SR regime, the tahyon dynamis
may lead to qualitatively dierent senarios [186℄.
Also, there is a sort of triality among the Mukhanov equations for the
salar, tahyon, and tensor amplitudes: in fat, νφ = limθ→2 νT and νh =
limη→0 νT . The rst ondition is a onsequene of the denitions of the SR
towers; the seond one states that, when ǫT ∝ T˙ 2 ≈ onst, the quantum eld
uk(δT ) evolves like its gravitational ounterpart uk(h).
It is worth noting that in higher-derivative theories the salar and the
tahyon may behave in a radially dierent way. The expression (2.7) is
not the most general outome from alternative gravitational theories. An
example outside the braneworld framework is given by the four-dimensional
gravitational ation (2.8) with f(R) = lnR [129℄. In the high-energy limit
the Friedmann evolution reads
H2 ≈ eρ , (5.70)
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where we have absorbed some dimensional positive fators. The SR param-
eter (2.14) is
ǫ = − ρ˙
2H
=
3
2
(1 + w) lnH2 . (5.71)
Notably, the exponential behaviour of Eq. (5.70) does not ompletely spoil
the path equations we onstruted above. Indeed, for an ordinary salar
eld we have
φ˙ = − 2H
′
3H2 lnH2
, (5.72)
while the Hamilton-Jaobi equations read
V (φ) = lnH2 − ǫφ
3 lnH2
, (5.73a)
H ′(φ)a′(φ) = −3
2
lnH2(φ)H3(φ)a(φ) . (5.73b)
Therefore Eq. (5.73b) reprodues Eq. (2.77) when q = q(t) = lnH2 and
θ˜ = 2 are independent quantities; the extra logarithmi term makes the
dynamis deviate from the general path. For the tahyon, the Hamilton-
Jaobi system is
V 2(T ) = (lnH2)2 − 2
3
ǫT , (5.74a)
H ′(T )a′(T ) = −3
2
[lnH2(T )]2H3(T )a(T ) . (5.74b)
Equation (5.74a) does not reprodue the normal-salar potential (5.73a) even
at rst order in ǫ.
5.3.2 q-orrespondene
Another useful orrespondene appears when taking the limit q → ∞ (θ →
2), whih is another way to look at the parameter (2.75). Then, the SR towers
(2.37) and (2.59) aquire the same dependene on the Hubble parameter; this
fat, together with Eq. (2.78), tells us that the inaton eld formally tends
to an evolution equation ψ˙ ∼ H ′/(qH2).
Here formally means that, from a dynamial point of view, this limit is
trivial beause it fores the inaton eld to a stati bakground ψ ≈ onst
[Eq. (2.86) guarantees that perturbations are frozen℄. Nonetheless, if one
keeps nonvanishing slow-roll parameters, it an help to derive and hek
tahyon H-SR tower and formulas from those of the salar ase; see Eqs.
(2.43) and (2.60). In fat, general SR ombinations will ontain θ fators
and remain asymptotially nite, a fat whih we have translated into the
adoption of θ˜; a ross omparison of the slow-roll equations in Chapters 2
and 3 niely shows this feature. In [113℄ it was noted that the asymptoti
osmology θ = 2 gives the largest salar spetrum and smallest salar spetral
index for a power-law inationary expansion.
Looking at the exat solutions of Se. 2.5, when going to the limit q →∞
in the kineti term ψ˙, salar solutions approah the tahyoni ones within
110 5. Dualities in path osmology and other issues
a given bakground sale fator; in partiular, the parameter dened in the
end of Se. 2.5.2 λ → −n/2, and Eq. (2.98) mathes Eq. (2.107). Using
this trik, dynamially inequivalent setups are onneted when onsidering
the formal time evolution of the inaton eld with respet to the asymptoti
gravitational bakground. In the holographi language [480, 481, 482℄, this
is equivalent to onsider the stati solution as the ommon xed point of the
salar and tahyon theories, with β-funtion given by β ∼ ψ˙ and in the limit
in whih the horizon-ow tower of the salar theory approahes the H-SR
tower and beomes dynamial.
We onlude with an interesting remark. The above dualities onnet not
only dierent braneworlds with the same type of salar eld but also pathes
with dierent salars. If one wishes to onstrut osmologies with a DBI
tahyon, it is suient to start from a generi senario (ψ, q, θ˜) and hit the
dual (T, q¯, 2) via either Eq. (5.21), (5.55), (5.62) or (5.65). In partiular,
with Eq. (5.55)
H¯(T ) = [H(ψ → T )]θ/2, θ 6= 0 , (5.75)
H¯(T ) = [lnH(ψ → T )]−1/2, θ = 0 , (5.76)
in agreement with the previous results on power-law standard and tahyon
ination.
5.4 Remarks on osmologies with q < 0
Let us ome bak to nonstandard osmologies with negative q and make
some onsiderations on their features. If the bulk moduli vary with time,
the resulting Friedmann evolution on the brane hanges aordingly and an
be written as in Eq. (2.7) but with a time-dependent exponent q(t), at
least in a small time interval and under partiular energy approximations.
The SR parameter ǫ would not be onstant even in the ase of onstant
index of state w, see Eq. (5.17). We stress one again that it is left to
see whether suh a moduli evolution an be onsistently implemented in
string theory. A sensible treatment of the moduli setor is ruial for a lear
understanding of string osmology; onrete examples have been onstruted,
e.g., in [210, 483, 484, 485, 486, 487℄. Nonetheless, a few preliminary remarks
might trigger some researh in this diretion.
5.4.1 q-boune?
In the end of Se. 5.2 we have seen that there is a formal duality, similar to
the phantom duality, relating standard expanding solutions with q > 0 to
superaelerating osmologies with q < 0. Now it would be interesting to see
what are the properties of these solutions and whether they an play some
role in bouning senarios, as true phantom omponents may do. For this
reason, let us assume that (i) the moduli variation is suh that a ontrating
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Figure 5.9: Inationary expansion with a short q → −q → q transition.
The physial Hubble length |RH| (upper panel) and the omoving one |RH|/a
(lower panel) are plotted in arbitrary units of time. k denotes the omoving
wave number of a perturbation exiting the horizon during the q-transition.
For t < 0 a standard ontrating behaviour is represented.
period with q < 0 is smoothly followed by a standard q > 0 expansion, and
(ii) some stabilization mehanism is eetive after the shift in the moduli
spae, so that the osmologial expansion on the brane an be desribed by
one of the previous models (4D, RS, GB) at suiently late times. In the
simplest toy model, we an onsider a sharp transition from −q to q at the
big bang, with 0 < q = onst≪ 1 around the boune.
The ontrating phase is deationary sine a¨ > 0 and is atually super-
aelerating if the brane ontent is not phantomlike. The absolute value of
the Hubble rate dereases to zero while the energy density ρ(t) approahes
the singularity at ρ(0) = ∞; in a standard ontrating phase (Fig. 5.9 for
t < 0) it is the Hubble radius that dereases.
Note that at neither this nor any other stage we are saying anything
about the reation of the Universe, sine all these onsiderations regard
the osmologial evolution from a brane-observer point of view rather than
the global spaetime struture. Although the bak-reation on the brane is
governed by the moduli evolution, the braneworld as a geometrial objet
does not undergo any dramatial transition and is onsidered to be present
at any time in order to make sense of the modied Friedmann equation
before, during, and after the boune. Genuine braneworld reation has been
onsidered in [488, 489℄.
There are several advantages in onstruting a model of boune with
varying q. First, it avoids the reversal problem due to the monotoniity
of the Hubble parameter in general relativity [439℄. Seond, one does not
enounter the lassial instabilities of bakground ontrating solutions with
w = onst found in [362, 462℄. In this ase, from the ontinuity equation
the energy density sales as ρ = a−3(1+w), up to some onstant fator. In
a ontrating universe, if w . −1 the energy density of the salar eld is
noninreasing, while an extra matter or radiation omponent inreases with
time. Therefore solutions with w . −1 are not attrators as regards the
isotropi osmologial evolution, while solutions with w > 1 (≫ 1 in yli
or ekpyroti senarios) are stable.
Put into another way, for onstant w one has RH ∼ t and a ∼ t1/ǫ.
When 0 < ǫ < 1, a grows more rapidly than the Hubble radius and quantum
utuations an leave the horizon; for q > 0, ǫ > 1, and H < 0, a neessary
ondition for getting a sale-invariant spetrum is that RH shrinks more
rapidly than a, that is ǫ > 1. When q < 0, the sale fator shrinks as the
Hubble radius dereases and vie versa, and no apparent ritial index of
state is required.
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Sine there is no onrete model motivating a path transition, this se-
nario is not less arbitrary than those invoking an ad ho phantom matter.
Matter with w < −1 has been advoated both in the ontext of bouning os-
mologies and for explaining modern data on osmi aeleration. Although
it has been ritiized in many respets [384, 401, 490, 491℄ and is not stritly
neessary to bring urrent observations to aount [492, 493, 494, 495℄, a
phantom omponent still an be embedded in string theory [435, 496℄ and
has attrative features; for instane, in a yli phantom universe blak holes
are tore apart and are prevented to annibalize the osmologial horizon dur-
ing one of the ontrating phases [459, 497, 498℄. Of ourse this is not the
ase for q-osmologies in whih the null energy ondition, determining the
evolution of the blak hole mass, is preserved.
Another lear shortoming is that there is no apparent reason why the
sale fator should reverse its evolution exatly during the q-boune. There-
fore there is no immediate relation between solutions with negative q and
bouning models of the early Universe. Anyway Eq. (2.7) is only a parti-
ular ase of a wider and more realisti lass of osmologial evolutions, to
whih the RS senario itself does belong. If the nonstandard behaviour of
the 4D Friedmann equation arises as a orretion to the linear term, then it
is natural to write it down as a polynomial (rather than a monomial) in ρ:
H2 = b1ρ
q1 − b2ρq2 , (5.77)
where q1, q2, b1, b2 are onstants; one an always set one of the bi's to 1 in
appropriate units. In the RS two-brane ase q1 = 1, b1 = 1, and q2 = 2,
while b2 = −(2λ)−1 in the type 2 model (matter on the brane with positive
tension) and b2 = (2|λ|)−1 in the type 1 model (matter on the brane with
negative tension). If b1, b2 > 0, then a boune ours at
ρb ≡ (b2/b1)1/(q1−q2) . (5.78)
Under the additional assumption that sgn(q1) 6= sgn(q2), a period of non-
phantom superaeleration may dominate at some point of the evolution,
aording to the sign of the oeients. But about this we will say no more.
5.4.2 q-bump?
Another possibility arises when the evolution of the moduli in the bulk is
suh that q hanges from positive to negative to again positive values in
some interval ∆t = te − ti. In the ase the transition q → −q → q hap-
pens during the inationary period, some interesting features in the power
spetrum may be generated. A bump in the power spetrum would our
for those perturbations rossing the horizon during the path transition. In
the toy model, q(t) is a step funtion with sharp transitions and the har-
ateristi time of the event is small with respet to the total duration ∆t
inf
of the aelerated expansion, ∆t/∆t
inf
≪ 1; in Fig. 5.9 the interval ∆t is
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exaggerated. Perturbations leaving the horizon during this period will break
sale invariane in a omoving wave number interval ∆k = k(te)− k(ti).
To get some idea of the properties of the arising feature it is more onve-
nient to onsider a smoothly varying q, for example with a Gaussian prole
entered at some time t0,
q(t) = q0 − q1e−(t−t0)2/σ2 , (5.79)
where q1 > q0 > 0 and ∆t ∼ σ is the region of validity of the approximation.
Let us reall that the expressions for the squared salar and tensor am-
plitudes and their ratio are (βq = 1)
A2s(ψ) ∝ qH2+θ/ǫ , A2t ∝ |q|H2+θ/ζq , r = |ǫ|/ζq , (5.80)
where ζq is a O(1) oeient depending on the onrete gravity model and it
has been assumed to be positive without loss of generality. Equation (5.80)
is valid to lowest SR order; in fat, around q ∼ 0 the parameter ǫ ∼ 0 and
the SR approximation still holds. The salar and tensor indies are, near
k0 = k(t0),
ns − 1 ≈ −(2 + θ)ǫ+ (1− ǫ)γ , (5.81)
nt ≈ −(2 + θ)ǫ . (5.82)
A negative q ≈ q0 − q1 orresponds to θ > 2 and a very blue-tilted gravita-
tional wave spetrum, an eet that has been found in ekpyroti models also
[448, 463, 464, 465, 466℄. However, models with γ > 4ǫ have even a blue-
tilted salar spetrum; if k0 ≪ 10, that is at long wavelengths, this might t
with the loss of power in the CMB quadrupole region found in reent data.
Note that the divergene θ →∞ at the boune is typial of purely adiabati
perturbations. In general relativity, the onsistent introdution of entropy
perturbations, generated by the mixing modes of a multiomponent uid,
ompensates the urvature divergene [360℄ and a similar mehanism might
operate in this ase, too.
5.4.3 q-ination?
Beause of its features one might think to regard an expanding q < 0 era
as a substitute of standard ination. For example, we an devise a super-
aelerating universe lled by a not-slow-rolling salar eld with a generi
potential. The expansion inates the utuations of the eld (thus explain-
ing the large-sale anisotropies) until the moduli evolution hanges the sign of
q and graefully exits to a normal, deelerating expansion. A few properties
of expanding q-models were already outlined in Chapter 2.
One of the most important strongholds of ination is its apability to
selet a de Sitter vauum from a non ne-tuned set of initial onditions. This
property is enoded in the denition of the inationary attrator of Se. 2.4.
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If there exists an attrator behaviour suh that osmologial solutions with
dierent initial onditions (i..) rapidly onverge, then the (post-)inationary
physis will generate observables whih are independent of suh onditions.
When θ > 2 (q < 0) in Eq. (2.86), H ′o and ψ˙ have onording signs. In
this ase, linear perturbations are suppressed when |ǫ| < 3/θ; in the large
θ limit, that is when q is lose to vanish in the realisti ase of smoothly
varying moduli, this ondition leads to a trivial de Sitter expansion H = β0
insensitive of the matter ontent. Solutions with a greater SR parameter
would depend on the initial onditions in an unpleasant way.
The ondition |ǫ| < 3/2, though more stringent than those of standard
inationary senarios with positive ǫ (4D and RS: ∀ǫ; GB: ǫ < 3), does not
severely onstrain the dynamis of the salar eld in order to have a su-
iently at potential, provided not a too negative q. However, it is important
to stress that this new piture might not replae ination beause of this pos-
sible ne tuning, |q| ≪ 1. Therefore it is not lear whether the dependene
on i.. would survive or not after the bump, although a suient amount of
q-ination might have erased any memory of the i.. at this time.
6Disussion and onlusions
And I said to my spirit, When we beome the enfolders of those orbs
and the pleasure and knowledge of every thing in them, shall we be lled
and satised then?
And my spirit said No, we level that lift to pass and ontinue beyond.
 Walt Whitman, Leaves of grass (1855 edition)
6.1 Summary of the results
In this work we have onsidered an inationary period started by a single
salar eld, with either an ordinary or Born-Infeld ation, slowly rolling
down its potential and driving an early-Universe period of aelerated ex-
pansion. Quantum utuations of this salar eld generate the perturba-
tion struture explaining the small anisotropies of the osmi mirowave
bakground. By means of the slow-roll formalism, several onsisteny re-
lations have been derived and used to ompare theoretial preditions and
modern experimental data. Cosmologial models with a variety of dierent
high-energy ingredients have also been onfronted, using a modied eetive
Friedmann equation (desribing the osmologial evolution on the brane)
and/or a maximally symmetri realization of nonommutative spaetime. In
the latter ase, spaetime is assumed to have a ne-grained struture at
quantum sale, whih rather surprisingly modies the large-sale spetrum
of primordial perturbations. Modiations of the Friedmann equation were
assumed to be valid within nite time intervals or, equivalently, in partiular
energy regimes (or pathes) experiened by the inaton eld during the
early osmologial evolution. Thanks to the path approah, we have ob-
tained a Hamilton-Jaobi and SR formulation of the osmologial evolution
whih is valid for many known gravitational theories either in a partiular
energy limit or time interval.
Despite all the shortomings of this approximated treatment of extra-
dimensional physis, it gives several important rst-impat informations.
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Dierent braneworld models are treated in a simple, unied way. The four-
dimensional senario as well as tahyon ination are automatially inluded,
without performing separate analyses of the osmologial dynamis. We have
ahieved the following results for ommutative ination:
 Previous assessments on tahyon and normal salar ination have been
extended to the path ontext, in partiular regarding the ination-
ary attrator, exat solutions, perturbation spetra, non-Gaussianities,
Hamilton-Jaobi formulation, and dualities.
 The onsisteny relations desribing the inationary spetra are def-
initely broken in the presene of extra dimensions and an disrimi-
nate between standard four-dimensional and braneworld senarios. We
have also provided many elements useful for probing the viability of
braneworld models through the latest observational data of the osmi
mirowave bakground.
 We have generalized the four-dimensional triality between inationary,
yli, and phantom osmologies to the path ase. The simple 4D
relations between the SR parameters of models with an ordinary salar
eld are broken and extended onsequently. The self-dual solutions and
the duals of power-law ination have been provided in the presene of
either a normal salar eld or a Born-Infeld tahyon. The struture of
the triality is deeply modied: The osmologies dual to ination either
display singularities within nite time intervals or are not singular at
the origin. This last feature is appealing as regards the onstrution
of nonsingular bounes. Finally, starting from a new version of the
phantom duality, we have set some remarks on osmologies with q < 0.
 Under ertain assumptions, it an be shown that the linear osmologial
spetrum omes from the rst term of a gradient perturbative expansion
of a nonlinear urvature perturbation satisfying a generalized Mukhanov
equation of motion. The bispetrum of this quantity, whih involves it at
seond order, governs the non-Gaussian signature eventually detetable
in the CMB. By negleting the projeted Weyl tensor on the brane, we
have found that the pure inationary ontribution to the nonlinearity
parameter fNL is proportional to the braneworld salar spetral index
and therefore unobservable, in agreement with past 4D alulations.
In Chapter 4 we have onsidered several lasses of nonommutative ination-
ary models within an extended version of path osmologial braneworlds,
starting from a maximally invariant *-generalization of the ation for salar
and tensor perturbations. The nonommutative osmologial model by Bran-
denberger and Ho has been developed from both the theoretial and experi-
mental point of view, showing that new ompelling features arise when on-
sidering the presene of a nonommutative sale. A full analysis of these
models and their observational onsequenes have been interpreted in the
light of WMAP data (in ollaboration with Shinji Tsujikawa). The main
results are:
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 Class 1 and lass 2 models are appreiably distint from eah other in
the full span of the spetrum.
 BH and New models give almost the same preditions in the IR region
of the spetrum.
 The relative running (4.73) is generally more pronouned in the GB se-
nario than in 4D, while in RS the eet is less evident. Either inreasing
ns or going to the ommutative limit, H/Ms → 0, the relative running
∆αs tends towards positive values.
 The onsisteny relation nt ∝ R, Eq. (4.108), greatly diers from one
nonommutative model to another. The perturbations are always blue-
tilted for the lass 1 senario, thus giving positive values of nt/R. This
unusual property omes from the fat that the mehanism for generat-
ing utuations is dierent from the standard ase due to the stringy
unertainty relation in momentum spae.
 Expressing the inationary observables {A2s, R, ns, nt, αs, αt} in terms
of the horizon-ow parameters, the likelihood analysis of these quantities
is the same for both types of salar elds. One an nd some dierene
in the ns-R plane by the nonommutative modiation of onsisteny
relations. The main hange appears in the maximum value of R (=
R
max
) and it ranges in the region 0.5 . R
max
. 0.7.
 We have also plaed onstraints on the large-eld monomial potentials
V = V0ψ
p
(inluding the exponential potential V = V0e
−ψ/ψ0
by taking
the limit p → ∞) in the 4D, RS, and GB ases in (non)ommutative
spaetime. For the ordinary salar eld φ:
. The quarti potential is resued from the marginal rejetion in the
nonommutative lass 2 4D ase (σ = 2).
. Steep ination driven by an exponential potential is exluded in the
ommutative RS senario, but is allowed in the nonommutative
lass 1 RS ase (σ = 6). The quarti potential is ompatible with
observations both in the lass 1 and lass 2 RS ases, but it is not
so in the RS ommutative ase.
. The quarti potential exhibits a ompatibility with observations for
the lass 2 GB ase, while it does not in the other two ases (GB0
and GB1).
For the tahyon eld T :
. A sale-invariant spetrum (ns = 1) is generated for p = 2 in the
nonommutative lass 1 ase irrespetive of the kind of path os-
mologies.
. Even steep ination is allowed due to small values of the tensor-to-
salar ratio in the three path lasses.
All these properties have been investigated both analytially and nu-
merially.
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 We have also pointed out a possibility to explain the suppression of
CMB low multipoles using a blue-tilted spetrum generated in the IR
regime. Although nonommutativity an provide a better t of the
spetrum for low multipoles, it is not easy to fully explain the loss of
power. Anyway, this spetral region hiey suers from osmi variane
and the experimental data at large sales (l = 3, 4) are not determined
with suient auray.
 Inationary non-Gaussianity does not hange signiantly when onsid-
ered in a nonommutative framework.
6.2 Open questions
The path formalism will prove adequate for developing new senarios with a
modied Friedmann equation, dierent from those onstruted so far. How-
ever, it is important to stress what are the assumptions and eventual short-
omings of this approah in order to push forward our knowledge and walk
through a path that  for myself, I do not even say has been taken yet 
people have begun to ath a glimpse of.
6.2.1 Bulk physis
With no referene to the gravitational setor, two important assumptions,
intimately onneted with the evolution of the matter ontent, emerge;
namely, to onsider an empty bulk and neglet the Weyl tensor ontri-
bution. In partiular, there is no soure term in the ontinuity equation
(2.10). In the Randall-Sundrum model, several works have shown that bulk
physis mainly aets the small-sale or late-time osmologial strutures,
i.e., that part of the spetrum whih is dominated by post-inationary physis
[146, 147, 148, 149, 150, 151℄. However, it is possible that a nonzero brane-
bulk ux would modify the inationary spetra. For instane, prodution of
partiles when the inaton does not lie in its vauum state an generate a
non-Gaussianity signature during the aelerated expansion [499, 500, 501℄.
CMB observations strongly onstrain the maximum number density of these
partiles and the n-point orrelation funtions of the resulting perturbations;
with a brane-bulk exhange mehanism and interations at the KK energy
sale, this number density, as well as the predited non-Gaussianity, may vary
nontrivially. Thus, the adoption of a modied ontinuity equation may lead
to a riher senario. See, e.g., [139, 140, 141, 142, 143, 144, 145℄ for Randall-
Sundrum osmologies with nondiagonal bulk stress-energy tensor and [502℄
for a six-dimensional example (but see also [503℄).
Future studies of path osmology with implemented bulk ontributions
will be ruial for several reasons. For example, one should onsider the on-
tribution of the nonloal physis of the bulk in order to set a truly onsistent
piture of braneworld osmologies and dualities.
6.2. Open questions 119
In the typial inationary ontext, Eq. (2.7) enodes the most part of
the braneworld eetive evolution; in fat, the simplest ontribution of the
projeted Weyl tensor is ∝ a−4 and is damped away during the aelerated
expansion. However, the dark radiation term is no longer negligible in a
shrinking universe and should be taken into aount when relating an ina-
tionary evolution to its ontrating dual.
Also, a way to generate a stronger non-Gaussian signal in the braneworld
ontext might be to inlude the Weyl ontribution, but as we have seen in
Se. 2.1.2 we should expet it to play a negligible role in the long wavelength
limit. Nevertheless, this issue will deserve further attention for at least two
good reasons. The rst is that Weyl damping was onsidered and shown only
in the ase of linear perturbations, while the stohasti Langevin equation for
the urvature invariant holds at all orders. The seond is that bulk physis
intrinsially provides a noise soure to the Mukhanov equation through an
innite tower of Kaluza-Klein salar modes dominating at short wavelengths
[151℄. Therefore, while Eq. (B.30) would keep being valid, an important
ontribution to the stohasti noise term (B.37b) might be laking in the
present analysis. In this ase the onsisteny equations, inluded Eq. (B.50)
even in the squeezed limit, would be spoiled anyway [256℄.
6.2.2 More on nonommutativity
Nonommutative models are far from being ompletely explored. For in-
stane, one ould impose also the extra dimension(s) to be nonommuta-
tive and extend the algebra (4.13) or other realizations to the transverse
diretion(s). A brane with nite thikness would emerge beause of the
minimum length sale ls; in this ase our analysis ould be thought as per-
formed on mean-valued quantities along the brane thikness. For example,
ρ → 〈ρ〉 ∼ ∫
brane
ρ dy, p → 〈p〉, and so on. The subjet requires further in-
vestigation and a good starting point might be the osmologial thik brane
setup [504, 505, 506, 507, 508, 509, 510, 511, 512, 513℄.
An interesting possibility is to hoose another vauum state rather than
the adiabati vauum with whih the perturbation spetrum is usually al-
ulated. This sheme has been outlined in [297℄ and developed in [293, 301℄.
Another important aspet is the extension of SR alulations to next-to-
leading order; the use of the gravitational version of the funtion z(η˜), Eq.
(3.44), would permit to ompute higher-order expressions for both the tensor
amplitude and the onsisteny equation for the tensor index.
6.2.3 More on pathes and beyond
Beside Weyl physis, other possible ingredients have been left aside in this
work. One of them is the inuene of quantum orretion to the braneworld
model, embodied in an indued gravity term in the 4D brane ation [272,
461, 514, 515, 516, 517, 518, 519, 520, 521℄.
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In parallel, it would be interesting to explore two other diretions. The
rst, most important issue should be to nd new osmologial senarios with
θ 6= 0,±1, 4 and exploit the ompat formalism provided by the path formu-
lation of the osmologial dynamis. Certainly there ould be a lot of work
for M/string theorists in this sense. In partiular, we would like to motivate
q < 0 senarios within string theory, super or quantum gravity, sine at this
stage they are rather speulative.
A priori, it would be useful to investigate whether some regions of the
line of pathes θ are exluded or not by observations. A lear answer in this
respet would onstrain any new braneworld senario with a nonstandard
Friedmann equation with θ 6= 0,±1. In the 4D ase (θ = 0), we have ad-
dressed a similar question for the nonommutative quantity σ and performed
a likelihood analysis with a very large prior (|σ| < 100) [93℄. The parameter
did not show a good onvergene, as the tensor index nt an be made smaller
by hoosing a smaller R in Eq. (4.108). Sine the same result holds when
varying θ and assuming the set {nt, ζqR} to be onstrained by Eq. (4.108),
one has to onsider xed values of any extra parameter whih modies the
four-dimensional senario. Then we have not been able to say anything about
the viability of a general path osmology.
The seond diretion is related to the dual piture and goes towards
a study of the osmologial perturbations through the boune, by further
modeling the too simple step-funtion transitions we presented. A more
onrete model would try to provide a smooth big runh/big bang phase
and allow a nonsharp transition in q.
In order to fully resolve the singular boune we should rely on a de-
sription more general than lassial gravity. To nd reasonable solutions of
the big bang singularity and embed a bouning piture in a well-established
(stringy) theoretial framework will perhaps be one of the most promising
lines of researh in the following years, not only for the immediate osmologi-
al impliations (observability of pre-inationary physis and omprehension
of the high-energy early Universe) but also beause it might lead to a bet-
ter understanding of the still ontroversial but intriguing landsape of vaua
[522, 523℄.
Let us onlude with a fundamental question whih lay hidden in these
lines and nevertheless should be answered: What about osmi onfusion?
Can we rely on the onsisteny equations and CMB observations as a smok-
ing gun for both braneworld and nonommutative senarios? In the on-
text of the path formalism the answer, presumably, is no. As it typially
happens in osmology, other ompletely dierent frameworks ould mimi
the features we have exploited, and even simple 4D multield ongurations
produe a nonstandard set of onsisteny relations [275, 524, 525℄. Some
general relativisti models may predit a set of values for the observables
{nt, R, ns, αs, . . . } lose to that of a braneworld within the experimental sen-
sitivity. Even nonommutativity may not esape this osmi degeneray
sine, for example, a blue-tilted spetrum an be ahieved by 4D hybrid in-
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ation. So we an talk about lues but not proofs for high-energy osmologies
when examining the experimental data.
The subjet has to be further explored in a more preise way than that
provided by the path formalism in order to nd out more harateristi and
sophistiated preditions, extending the disussion also to the small-sale re-
gion of the spetrum. Nonambiguous physial evidenes for extra dimensions
or other aspets of string/M theory would open up a new season (we would
daresay era) for our modern view of the high-energy and geometrial stru-
ture of spaetime and would dramatially boost the theoretial researh for
a viable, ompletely onsistent theory. Therefore I do believe it will be im-
portant to apitalize at least part of our eorts in the inspetion of models
giving reliable preditions to be tested in the near future. Whatever the nal
answer turns out to be, there is hope of traking down braneworld signatures
through the inationary physis and related experiments.

Appendix A
Exat solutions in the RS
braneworld
Hawkins and Lidsey [156℄ have found several exat solutions for the Randall-
Sundrum single brane ination. Here we will onsider just two of them and
show that at suiently late times they approah the 4D power-law solu-
tion with onstant SR parameters, thus providing a reasonable bakground
around whih to onstrut lowest-order perturbation amplitudes [95℄. The
rst model has
a(τ) =
(
τ +
√
τ 2 − 1
)p
, (A.1)
φ(τ) =
1
γ
ln
(
τ +
√
τ 2 − 1
)
, (A.2)
where p > 1/3, γ =
√
4π/(pm24), and τ =
√
4πλ/(3p2m24) (t − t0) is the
resaled time, with t0 being an arbitrary integration onstant. Using the
notation vτ = dv/dτ for the variable v, we have
H˜ ≡ aτ
a
=
p√
τ 2 − 1 . (A.3)
The slow-roll parameters are
ǫ = η =
1
p
τ√
τ 2 − 1 , (A.4)
ξ2 =
1
p2
τ 2 + 1
τ 2 − 1 . (A.5)
In the seond model,
a(τ) = (4τ 2 − 1)p/2 , (A.6)
cosh[γφ(τ)] = 2τ , (A.7)
H˜ =
4pτ
4τ 2 − 1 , (A.8)
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and
ǫ =
1
p
(
1 +
1
4τ 2
)
, (A.9)
η =
1
p
4τ 2 − 1
4τ 2 + 1
, (A.10)
ξ2 =
1
p2
(
1 +
1
4τ 2
)(
4τ 2 − 1
4τ 2 + 1
)2
. (A.11)
In the limit τ → ∞, these solutions tend to power-law ination [228℄, with
H = p/t and ǫ = η = ξ = 1/p. This ours both when the brane tension is
very large and at late times. Atually one an x the integration onstant
t0 suh that φ(t = 0) = 0, whene t0 ∼ −m4/
√
λ; with this hoie, one an
show that the approximation with onstant SR parameters is valid at large
times, for instane when t & 103 t4, where t4 = m
−1
4 ≈ 5.4 · 10−44s is the
Plank time. Thus we have shown that there exist exat solutions with late
time onstant SR parameters. Anyway, the reader an onvine oneself that
the approximation is good by heking the behaviour of the sale fator a
near the origin of time (rst model: τ ≈ 1; seond model: τ ≈ 1/2). In both
ases, again, one obtains a power law (a ≈ τ p and a ∼ tp/2, respetively)
whih, ombined with the asymptoti behaviour of φ(τ), generates onstant
SR parameters.
Appendix B
Inationary non-Gaussianity
After a brief introdution to the issue of Gaussianity, in this setion we
ahieve three goals. The rst is to demonstrate the validity of the Mukhanov
equation for the braneworld, at least at large sales (Se. B.3); not only
the method we shall adopt gives independent support to other proofs (e.g.,
[151, 256℄), but is valid beyond the linear order in perturbation theory. The
seond outome is the bispetrum of perturbations generated by either a
osmologial tahyon or senarios, suh as high-energy braneworlds, with a
modied Friedmann equation (Se. B.4). Finally, in Se. B.5 these results are
extended to the ase of a maximally symmetri nonommutative spaetime.
B.1 Linear perturbations are Gaussian
One one knows the spetrum A2Φ (also denoted PΦ, depending on the nu-
merial oeient in the denition) for a given salar or tensor perturbation
Φ, one an ask what are the probability distributions P [Φ] and P [Φk] of the
utuations in real and Fourier spae, respetively. In the latter,
Φ(x) =
∫
d3k
(2π)3/2
Φk(t)e
ik·x, (B.1)
where the Fourier oeients desribe the utuation Φˆk ∝ δψˆk for eah
wave number (hats indiate quantum operators).
In the vauum state |0k〉, the omponents of the eld Φˆk do not have
denite values. Rather, we an expand the vauum state into a ombination
of eigenstates of the utuation:
|0k〉 =
∑
u
cu|0k〉u , (B.2)
Φˆk|0k〉u = Φuk|0k〉u , ∀k , (B.3)
where the sum is over the ensemble of all the possible universes u. The
probability to nd a given distribution P [Φu
k
] of utuations will be given
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by the squared oeient |cu|2 in the vauum expansion. As we an observe
only our Universe, in order to proeed we must assume that the Universe
we live in orresponds to a partiular hoie u¯ in the ensemble. Sine in
this ase, at variane with the usual quantum experiments in laboratory, to
hoose an eigenstate is not equivalent to perform a measure, there arises
the problem to understand what mehanism has fored the vauum state
into one of the eigenstates it is made of. The issue of the osmi hoie,
intimately related with the quantum to lassial transition of osmologial
perturbations, is still unlear in many respets; some authors have onsidered
it as a deoherene proess, that is, a destrution of interferene terms in
density matries [526, 527, 528, 529℄.
Let us admit to have a set of well-dened Fourier eigenvalues Φu¯
k
for a xed
universe hoie; ignoring heneforth the supersript u¯, they an be written
as
Φk = |Φk|eiϑk = ℜ(Φk) + iℑ(Φk) . (B.4)
In order to desribe the statistial behaviour of osmologial perturbations,
we reall some results on random elds [530, 531℄:
1) If a random eld Φ(x) an be expressed as a Fourier superposition of
oeients Φk suh that ℜ(Φk) and ℑ(Φk) are statistially independent
and with the same distribution for all k, then the probability distribu-
tion P [Φ] of the eld is Gaussian. This is equivalent to state that the
phases ϑk are randomly distributed.
2) The statistial properties of homogeneous and isotropi Gaussian ran-
dom elds with zero mean, 〈Φ(x)〉 = 0, are ompletely desribed by the
two-point orrelation funtion
PΦ(x,x′) ≡ 〈Φ(x)Φ(x′)〉t=t′ (B.5)
= PΦ(̺) , (B.6)
where ̺ = |x− x′|, or, equivalently, by the power spetrum
PΦ(k) ∝ k3〈ΦkΦ−k〉t , (B.7)
where 〈fg〉t ≡ 〈f(t)g(t)〉. Here, angle brakets indiate the mean on a
olletion of universes or, in the ase of a quantum operator, its mean
value in the vauum state. For Gaussian random elds, the (2n + 1)-
point orrelation funtions
1
vanish identially, while the 2n-point orre-
lation funtions an be expressed through the only power spetrum.
3) A Gaussian eld is ergodi, that is its spatial means in a given realization
u¯ are equal to the expetation values on the entire ensemble, if, and only
if, its spetrum is ontinuous.
When applying these theorems to the above osmologial quantum utua-
tions, one gets the following results:
1
And the onneted part of the 2n-point orrelation funtions [532℄.
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1) The real and imaginary part of eah oeient, Eq. (B.4), behave like
two independent harmoni osillators for eah k, as shown by the equa-
tion of motion for the utuation. This is learer for the gauge-invariant
utuation uk, whih is an osillator in onformal time with squared
mass (k2− d2ηz/z). In the vauum state they have the same probability
distribution, given by the ground-state wave eigenfuntion of an har-
moni osillator: a Gaussian. Another way to see this is to note that
under this ondition the phases ϑk are mutually independent, randomly
distributed in the interval 0 ≤ ϑk < 2π, and suh that ϑ−k = −ϑk. If
the phase of eah mode is random, then the entral limit theorem guar-
antees that the superposition (B.1) is Gaussian if the number of modes
is large. That is, one has 〈Φ∗−kΦk〉t = 〈Φ2k〉t = 0, and the probability to
have a utuation Φ(x, t) at the point x is
P [Φ] =
e−Φ
2/(2σ2Φ)√
2πσ2Φ
, (B.8)
where
σ2Φ ≡ 〈Φ2(x)〉t =
∫ ∞
0
dk
k
PΦ(k) , (B.9)
is the variane of the distribution. In the approximation of linear theory,
osmologial utuations have a Gaussian probability distribution.
2) By the osmologial priniple, the resulting distribution is homogeneous
and isotropi, implying that the oeients Φk as well as the spetrum
PΦ depend only upon the absolute value k. The two-point orrelation
funtion depend only on ̺ (Wiener-Khinthine theorem):
PΦ(̺) =
∫ ∞
0
dk
k
PΦ(k)sin(k̺)
k̺
. (B.10)
Also, osmologial utuations are ompletely desribed by the power
spetrum.
3) The denition of the perturbation amplitude (B.7) has the ergodi prop-
erty, therefore being onsistent with the initial assumption for the os-
mi hoie for any ontinuous transfer funtion desribing the time evo-
lution of the perturbation. Then, the statistial properties of the pertur-
bations are evaluated in the ensemble of spatial points in the sky vault.
The Gaussianity of the statistial distribution for the perturbations is a diret
onsequene of (i) negleting seond-order terms in the equation of motion
and (ii) taking the osmologial priniple for granted. Atually both these
are approximations, although very good aording to experiments, of the the-
oretial setup and the real world, respetively. When going beyond the linear
theory and aepting some deviation from perfet isotropy, as CMB probes
do indiate, small departures from the Gaussian distribution will appear and
provide new interesting features to explore.
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B.2 Bispetrum and non-Gaussianity
Aording to the inationary paradigm, small quantum utuations of the
inaton eld are amplied to osmologial sales by the aelerated expan-
sion. These perturbations then leave their imprint into the osmi mirowave
bakground as thermal anisotropies. Two main physial observables are gen-
erated by this mehanism, namely, the salar spetrum, whih is (the Fourier
transform of) the two-point orrelation funtion of salar perturbations, and
the bispetrum, oming from the three-point funtion [533, 534, 535℄. For
the urvature perturbation on omoving hypersurfaes R, this reads
〈R(k1)R(k2)R(k3)〉 = −(2π)3δ(3) (k1 + k2 + k3)
×
∑
i<j
2f
NL
(ki,kj)〈|RL(ki)|2〉〈|RL(kj)|2〉 ,
(B.11)
where 〈|R
L
(k)|2〉 is the power spetrum of the linear Gaussian part R
L
of
the urvature perturbation with omoving wave number k, sum indies run
from 1 to 3, and f
NL
is the nonlinearity parameter.
2
If f
NL
is momentum
independent, one an write the gravitational potential in terms of R
L
: in
real spae,
R(x) = R
L
(x)− f
NL
[R2
L
(x)− 〈R2
L
(x)
〉]
, (B.12)
whih gives Eq. (B.11) with f
NL
shifted outside the summation over the
ki's. When the statistial distribution is Gaussian, fNL = 0, the three-point
funtion vanishes. In terms of the CMB temperature utuation ∆T (eˆ)/T ,
measured along the diretion eˆ, the limit of the bispetrum at zero angular
separation is the skewness, S3(eˆ) ≡ 〈(∆T/T )3〉. For pratial purposes, this
is a less sensitive probe for non-Gaussianity than the bispetrum [535℄.
So far in this work we have restrited the disussion of osmologial per-
turbations to the power spetrum, impliitly assuming to deal with all the
relevant informations that an be extrapolated from the sky. In many re-
spets, the measured two-point orrelation funtion is able, all by itself, to
both desribe the mirowave sky in great detail and plae observational on-
straints on the features of early-Universe models suh as ination.
However, the experiments of the last generation have radially hanged
the general attitude towards osmology and made possible what is now re-
ognized as a preision era. The physial senarios explaining the large-sale
struture of the Universe an be rened by more and more aurate obser-
vational inspetions. Therefore it is natural to onsider the bispetrum, too,
and ask what signatures of non-Gaussianity we might expet from a given
theoretial model (see [539℄ for a omprehensive review).
2
Our denition of the nonlinearity parameter (sometimes dubbed fR
NL
in literature) is
−2 · 3/5 that of [536, 537℄ (there denoted Φ3), −3/5 times that of [535℄, and 3/5 times
that of [235, 538℄. The fator of 3/5 omes from the denition of f
NL
through the peuliar
gravitational potential Ψ4, whih is Ψ4 = −3R/5 during matter domination.
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A non-Gaussian spetrum an arise aording to a number of dierent
mehanisms: just to mention some, late-time nonlinear evolution of os-
mi strutures [540℄, multield ination or ination with salar spetators
[541, 542, 543, 544, 545, 546, 547, 548℄, urvaton senario [549, 550, 551℄,
nonvauum ination [499, 500, 501℄, higher-dimension operators in the ina-
ton Lagrangian [552℄, DBI-like inaton [553℄,
3
ghost inaton [554℄, and, more
ommonly, self-interating inaton [555, 556, 557, 558, 559℄. Non-Gaussianity
was also onsidered in generalized Brans-Dike gravity [560℄ and D-D¯ brane
ination [201℄.
In four dimensions, it turns out that the inationary ontribution to the
nonlinear parameter is 4f
NL
≈ ns − 1 = O(ǫ) for a single ordinary salar
eld [235, 538℄. It would be interesting to see how this result is modied for
braneworld osmologies and tahyon-driven senarios. Intuitively, we do not
expet a dramati quantitative hange in the eet sine the path formalism
does not interfere with SR expansions exept for the value of the oeients
in front of the SR parameters themselves. We have veried this guess in two
ways.
A preliminar onrmation omes from the stohasti approah of Gangui
et al. [536℄. This approah permits to estimate the order of magnitude of
the eet by just onsidering seond-order utuations of a self-interating
inaton eld and no gravitational utuations. This might seem too rude
an approximation, sine one should go up to seond order in perturbation
theory in order to fully take gravitational bak-reation into aount and treat
the bispetrum onsistently. Surprisingly, the inaton perturbation really
enodes the main feature of the model apart from the resulting inorret
ombination of SR parameters.
Stohasti ination is an approximated method aording to whih the
solutions of the equation of motion for the salar perturbation in the long
wavelength limit k ≪ aH are onneted to those in the k ≫ aH limit at the
Hubble horizon [561, 562, 563, 564, 565, 566℄. The salar eld (or other de-
rived quantities) is separated into a lassial or oarse-grained ontribution
ψ(c), enoding all the modes larger than the Hubble horizon, and a quantum
or ne-grained part ψ(q) taking into aount the in-horizon modes. There-
fore, the lassial part is the average of the salar eld on a omoving volume
with radius ∼ (aH)−1. With this deomposition, the equation of motion for
ψ beomes a Langevin equation with a stohasti noise soure generated by
the ne-grained ontribution of the quantum utuations (see [567℄ for an
extension to stohasti ination with olored noise).
Atually, we have performed the alulation of [536℄ with the general FRW
equation (2.7) and the V-SR tower both for the salar eld and the tahyon.
So, f
NL
= O(ǫ) for a generi braneworld lled with a salar eld ψ. As we
shall see, the key assumption giving rise to this behaviour is the validity of
the standard ontinuity equation, Eq. (2.10). The presene of a brane-bulk
3
This model is quite distint from the DBI osmologial tahyon. While the former
predits a strong non-Gaussian signature, the latter is more similar to standard ination.
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ow would introdue genuinely novel features and onsiderably ompliate
the set of dynamial equations. Also, in the presene of extra dimensions
the gravitational ontribution may lead to a nontrivial behaviour of seond-
order perturbations, sine to this order the interplay between extra-horizon
sales and small sales may beome quite deliate. This would impose a more
rigorous treatment and a full seond-order alulation in order to arefully
evaluate non-Gaussianity produed during ination, e.g., like that performed
in [235℄ for the four-dimensional ase.
A very powerful approah in this sense is the spae-gradient formalism of
[238, 239, 262, 568℄, a development of the separate universe method [255℄ (see
also the earlier works [237, 569, 570, 571, 572℄). We shall follow the notation
of the ited papers losely, and skip details that an be found there unaltered
by brane or tahyon physis. To begin with, it is onvenient to work in the
indued metri [573℄
ds24
∣∣∣
brane
= N2(t,x)dt2 − a2(t,x)dxidxi, (B.13)
where N is the lapse funtion and a(t,x) is a loally dened sale fator; in
the synhronous gauge we used so far, N = 1. The Hubble parameter reads
H = a˙/(Na), where dots will denote derivatives with respet to t. Also, we
dene Π ≡ ψ˙/N . The SR parameters (2.79a) and (2.79b) are rewritten as
(βq units)
ǫ = − H˙
NH2
=
3q
2
H θ˜
Π2
H2
, (B.14)
η = − Π˙
NHΠ
, (B.15)
while their evolution equations are
ǫ˙ = NHǫ
[(
2− θ˜
)
ǫ− 2η
]
, (B.16)
η˙ = NH
(
ǫη − ξ2) , (B.17)
ξ2 =
1
NH2
(
Π˙
NΠ
)·
. (B.18)
In the separate universe approah, the physial quantities suh asH(t,x), the
salar eld ψ(t,x), osmologial perturbations and observables are dened on
an inhomogeneous bakground and evolve separately through the dynamial
equations at eah point one the initial onditions have been speied. Then
we an transform time derivatives into spatial gradients like
∂iH
H
= −ǫH
Π
∂iψ , ∂iǫ = 2ǫ
[(
θ − θ
2
)
ǫ− η
]
H
Π
∂iψ , (B.19)
where the index i runs from 1 to 3, θ = 1 for the ordinary salar eld, and
θ = θ/2 for the tahyon.
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At large sales, seond-order gradient terms an be negleted and the
gradient generalization of the Bardeen potential [574℄ is onserved [262℄:
ζi ≡ Xi −NH∂iρ
ρ˙
, (B.20)
ζ˙i = 0 , (B.21)
where Xi ≡ ∂i ln a. In the braneworld ase, the long wavelength limit was ad-
voated for onsistently negleting the projeted Weyl tensor; this in turn is
deeply intertwined with the other fundamental onstraint, that is a standard
ontinuity equation
ρ˙+ 3HNρ(1 + w) = 0 . (B.22)
For a salar eld, the urvature perturbation ζ on hypersurfaes with on-
stant energy density oinides with the urvature perturbation R on omov-
ing hypersurfaes, whih as a vetor quantity reads
Ri ≡ Xi − H
Π
∂iψ . (B.23)
In the linear approximation, Eq. (B.23) is the spatial gradient of R, Eq.
(3.4). The spatial gradient of the Mukhanov-Sasaki variable u orresponds
to the linear limit of
Qi ≡ −zζi = −zRi = a˜
(
∂iψ − Π
H
Xi
)
, (B.24)
where z is given by Eq. (3.9) and a˜ ≡ zH/Π. In the generalization to the
nonsynhronous gauge N 6= 1,
z =
aΠ
cSHθ
= a
(
2ǫ
3qc2SH
θ
)1/2
, (B.25)
where the speed of sound cS is cS = 1 for the ordinary salar eld and
cS =
√
1− 2ǫT/(3q) for the tahyon. For the ordinary salar eld, a˜ = a.
From Eqs. (B.19), (B.24) and (B.25) we get
∂iz = −Qi + a˜∂iψ[1 + θǫ− η + (θ − 1)ς2] , (B.26)
where the quantity
ς2 ≡ q
NH
c˙S
cS
=
4qǫTηT
3q − 2ǫT , (B.27)
is seond order in the SR parameters.
B.3 Generalized Mukhanov equation and
stohasti ination
The evolution equation for Qi an be omputed within the multield frame-
work of [238℄. Here we onsider the same alulation for a single eld ψ in a
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path given by Eq. (2.7); the results will math eah other in the 4D ase.
The rst time derivative of Eq. (B.24) is
Q˙i = z˙
z
Qi = NHQi
[
1 + θǫ− η + (θ − 1)ς2] . (B.28)
Another derivation gives
Q¨i − z¨
z
Qi = 0 . (B.29)
However, it is more onvenient to keep the deaying mode impliitly dropped
in the reursion of Eq. (B.28); then the equation of motion an be reast as
Q¨i − F Q˙i + ΩQi = 0 , (B.30)
where
F ≡ N˙
N
−NH , (B.31)
Ω ≡ F z˙
z
− z¨
z
(B.32)
= 2 +
(
3θ − 1) ǫ− 3η − 4θǫη + (1 + θ − θ˜) θǫ2 + η2 + ξ2 + (θ − 1)gςς2.
(B.33)
The extra tahyoni term is
gς ≡ 3 + (θ − 1)ǫT − 2ηT +
(
θ
2
− 1
)
ς2 +
(ς2)
.
ς2
. (B.34)
The expression for Ω is in aordane with the omputation in the linear
theory [88℄ and, as that, is exat in the SR parameters. The expression
found in [238, 568℄ (θ = 0, θ = 1) is reovered via Eq. (2.68).
Equation (B.30) is equivalent to a generalized Mukhanov equation (with
the Laplaian term dropped) when expressed via onformal time dη = Ndt/a;
sine d2t = (N/a)
2d2η + (N/a)Fdη and Ω = −(N/a)2d2ηz/z, one has(
d2
dη2
− 1
z
d2z
dη2
)
Qi = 0 . (B.35)
In the linear approximation and in momentum spae, Eqs. (B.30) and (B.35)
hold for Qi ≈ ∂iu → ikiuk. From the de Sitter alulations of Se. 3.2, the
mean value of the quantum eld uk is√
〈|uk|2〉 = aH√
2(kcs)3
. (B.36)
The equation of motion for uk an be written as an equation for the oarse-
grained part of uk soured by a stohasti noise term. The oarse-grained
part of the Mukhanov variable is u
(c)
k
= ukW(kR), where W is the Fourier
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transform of a window funtion W (|x− x′|/R) falling o at distanes larger
than R. The sale R is of order of the omoving Hubble radius, R = h(aH)−1,
with h > 1 so as to enompass the whole horizon. With h suiently larger
than 1 we an safely disard the k2 term in the Mukhanov equation.
The nal result is then extended to the nonlinear gradient variable Qi at
large sales, getting
Q¨i − F Q˙i + ΩQi = ξi(t,x) , (B.37a)
ξi(t,x) =
∫
d3k
(2π)3/2
ikie
ik·x
[
W¨ + W˙(2dt − F )
]
ukα(k) + .. ,
(B.37b)
where the supersript (c) inQi is understood and α(k) is a omplex stohasti
quantity suh that the ensemble average 〈α(k)α∗(k′)〉 = δ(3)(k−k′); it simu-
lates the ontinuous rossing of modes outside the horizon and their addition
to the oarse-grained part. As it stands, Eq. (B.37) properly enodes the full
stohasti ontribution. This would not be the ase if we started from Eq.
(B.29), where the veloity degree of freedom assoiated with the deaying
mode has been absorbed (see the disussion in [238℄ for more details).
Equation (B.37) is the nonlinear extension of the Langevin-type equation
we used in the rst-SR-order heuristi omputation in synhronous gauge:
ψ˙(c)(t) = − U
′
3H
− ψ¨
(c)(t)
3Hc2S
+ ξ(x, t) ≈ − U
′
3H
+ ξ(x, t) , (B.38)
where U(φ) = V (φ) and U(T ) = lnV (T ). In this and the other equation
one an see that there are basially two soures of nonlinearity. The rst
one is the bak-reation of the eld utuations on the bakground enoded
in the noise term, the seond one is the self-interation of the salar eld
represented by the potential ontribution Ω [or −U ′/(3H)℄. Therefore, a
priori the statistial distribution of Q(c)i (ψ(c)) will be non-Gaussian, even if
quantum utuations are random.
B.4 Braneworld and tahyon bispetrum
In order to ompute the salar spetrum and bispetrum, we x the gauge
to the time sliing with respet to whih the kth mode rosses the horizon
simultaneously for all spatial points [565℄. Then t = ln(aH), NH = (1−ǫ)−1,
and R = he−t. In this gauge, the gradient urvature perturbation and ∂iz
are, respetively,
Qi = a˜∂iψ(1− ǫ) , (B.39)
∂iz ≈
[(
1 + θ
)
ǫ− η]Qi (B.40)
= −1
2
(ns − 1)Qi , (B.41)
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where in the last passage we have used Eq. (3.62). At rst SR order,
F ≈ −1 , Ω ≈ 2 + 3 (θ + 1) ǫ− 3η . (B.42)
Equation (B.37) an be expressed as a Langevin dierential equation in the
urvature perturbation:
R¨i +
(
2
z˙
z
− F
)
R˙i = −1
z
ξi(t,x) . (B.43)
To lowest SR order and negleting the R¨i term,
R˙i ≈ − 1
3z
ξi(t,x) , (B.44)
where cS ≈ 1 inside ξi and z. The power spetrum is given by the solution
of the linearized equation (B.44): at rst order in a perturbative expansion,
R˙(1)i ≈ −
ξ
(1)
i
3z(0)
, (B.45)
where z(0) is z dened on the homogeneous bakground. The time integration
of ξ/z from the initial time ti to t is proportional to As(k)B(kR), where
B(kR) =
∫ t
ti
dt′(aH)−1[W¨ + W˙(2dt′ + 1)](aH) = [1 + (kR)2/3]W(kR)− [1 +
(kRi)
2/3]W(kRi) to lowest SR order. Here we have used a Gaussian window
funtion
W = exp(−k2R2/2) , W˙ = (kR)2W , W¨ = [(kR)2 − 2]W˙ , (B.46)
and the lowest-SR-order eigenvalue equation dtuk = uk. In the limit of
asymptoti past (ti → −∞) and future (t → +∞), B(kR) → 1. The inte-
gration over k yields R
L
≡ R(1) = ∂−2∂iR(1)i and the lowest-order amplitude
(3.34), after a omputation almost idential to that of [568℄.
At seond order in the perturbation, −3R˙(2)i = ξ(1)i (z−1)(1) + ξ(2)i /z(0).
Sine ξ
(2)
i = O(ǫ
2), the only surviving term at lowest SR order is, by the
rst-order version of Eq. (B.41),
R˙(2)i ≈ −(z−1)(1)
ξ
(1)
i
3
= −
(
−∂
−2∂j∂jz(1)
z(0)
)
ξ
(1)
i
3z(0)
(B.47)
= −1
2
(ns − 1)R(1)R˙(1)i , (B.48)
After omputing the nonlinear term R(2) = −1
2
(ns − 1)[R(1)]2, one is ready
to write down the urvature perturbation at seond order,
4
R ≈ R(1) + 1
2
R(2) , (B.49)
4
In [575℄ various denitions of the seond-order urvature perturbation are reviewed.
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and the bispetrum (B.11). Atually, the integration of the window funtion
inside the noise term orresponds to a nonlinearity parameter with nontrivial
momentum dependene, for whih Eq. (B.12) does not hold. When one of
the momenta is negligible relative to the others, that is in the squeezed limit
k3 ≪ k1, k2, by Eqs. (B.48) and (B.11) we get
4f
NL
= (ns − 1) + 4f(k1,k2,k3) ≈ ns − 1 . (B.50)
Although we have not written expliitly the momentum struture f(k), we
an draw some important onlusions.
(i) Tahyon and ordinary ination generate the same non-Gaussian signa-
ture in the limit of ollapsing momentum dependene and at rst SR order.
Outside this approximation the nonlinearity parameter f
NL
aquires expliit
dependene on the type of salar eld and braneworld through the parameter
z: 4f
NL
= (ns − 1) + 4f (θ,ψ)(ǫ, η;k1,k2,k3). This is in agreement with the
orrespondene between lowest-SR-order tahyon and ordinary observables.
(ii) Written in terms of ns, braneworld non-Gaussianity does not dier
from the 4D piture, exept perhaps in higher-order ontributions. What
hanges is the inationary model one has to impose in order to predit a
given salar spetral index. In this sense, we ould regard Eq. (B.50) as
a rst-SR-order onsisteny equation joining the traditional set we explored
until now, sine both ns and fNL (through the bispetrum) are observables
[576, 577℄.
5
(iii) On the other hand, one should note that the post-inationary era
greatly enhanes non-Gaussianity, up to fpost
NL
= O(1) [578, 579, 580℄6 or even
fpost
NL
∼ 50 from a suitable preheating phase [581℄. As explained in [539℄,
the true observed nonlinearity parameter is not the bare inationary result
(B.50). In addition to the post-inationary ontribution, one must onsider
angular averaging. The total observed f
NL
is in fat, and at least, f obs
NL
=
O(1) + f
NL
. Therefore the nonlinear eet of braneworld or 4D ination, if
the SR approximation holds as we required, is always subdominant.
Although these features an be obvious when inspeting path os-
mology, here we have derived them quantitatively.
7
Moreover, the gradi-
5
A small non-Gaussian omponent omes also from the 3-point funtions involving
the graviton zero-mode. Using the z funtion (3.44) for braneworld tensor perturbations,
one nds a ontribution proportional to the tensor amplitude and spetral index nt, in
aordane with the 4D result [538℄. However, sine the tensor amplitude is muh smaller
than the salar one, we an neglet this term with respet to the salar bispetrum.
6
This is basially due to the fat that at seond order the longitudinal gauge ondition
Φ
(1)
4 − Ψ(1)4 = 0 is modied as Φ(2)4 − Ψ(2)4 = 4
(
Ψ
(1)
4
)2
at large sales, thus providing a
nontrivial seond-order orretion to the Sahs-Wolfe eet [235℄.
7
The authors of [577℄ drew similar onlusions, laiming that Eq. (B.50) is a model-
independent onsisteny equation under the assumption of single-eld ination and in
the squeezed limit. However, a proper treatment of the seond-order nonlinear Bardeen
potential seems missing there, as already emphasized in [539℄ (Se. 8.4.1). Referene [576℄
deals with the de Sitter ase only.
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ent+stohasti approah an be the basis for next-to-leading-order SR and
perturbation alulations as well as for numerial simulations [238℄.
Aording to the 1st-year WMAP analysis, the power spetrum fully har-
aterizes the statistial properties of CMB anisotropies: that is, f
NL
vanishes
onsistently. More preisely, the onstrain on the nonlinearity parameter is
−58 < f
NL
< 134 [80℄, whih does not disard not only inationary non-
Gaussianity, but also other models prediting a more robust eet, f
NL
≫ 1.
See also [582, 583℄ for other analyses. The next-year WMAP data and the
Plank satellite should signiantly improve the auray of the measure,
with the inlusion of polarization anisotropies: fmin
NL
(WMAP) ∼ 11 − 15,
fmin
NL
(Plank) ∼ 3− 5 [584℄.
B.5 Nonommutative bispetrum
Until now we have onsidered a ommutative bakground throughout the
whole spaetime. We an make a step further and phenomenologially as-
sume to have a 3-brane in whih the stringy spaetime unertainty relation
(4.12) is realized, where now τ =
∫
dtNa. The separate universe approah
does not ontrast with a nonommutative bakground. To understand this
point, we an use the linear piture of [255℄, and in partiular their Fig. 1.
The basi idea is that a omoving large-sale perturbation is independently
speied in two omoving loally homogeneous regions separated by a dis-
tane λ, if the size λs & H
−1
of these regions is small with respet to λ.
Perturbations are dened on a given bakground, that is a region of sale λ0
muh larger than our present horizon. Then the required hierarhy of sales
is λ0 ≫ λ≫ λs & H−1. In the presene of a nonloal algebra, the string sale
an play the role of natural marker in the hierarhy. For instane, setting
λs ∼ ls we just onsider the IR region of *-models. If λs & H−1 > ls, the
previous argument is unhanged.
Sine the *-produt (4.14) does not involve homogeneous quantities (i.e.,
it preserves the FRW maximal symmetry), the Mukhanov equation for a
nonommutative 4D [282℄ or braneworld [92℄ senario is, at linear order and
large sales, Eq. (4.37). In the separate universe approah, a± aquires a
spatial dependene like the other quantities, a±(τ) → a±(x, τ).8 The mea-
sure zk is given by the produt of z and a orretion fator fz depending
on the partiular nonommutative model one is assuming. The de Sitter
solution of Eq. (4.37) is Eq. (4.40), i.e. the ommutative solution (B.36)
multiplied by f 2a ≡ (ae/a)2, whih is the relative resaling of ommutative
to nonommutative onformal time.
The above disussion on onserved nonlinear perturbations is not mod-
8
Note that the orret proedure is rst to smear the sale fator in a suiently small
homogeneous neighbourhood, a(τ) → a±(τ), and then to extend it to very large sales
a±(τ) → a±(x, τ). The top-down smearing a(x, τ) → a±(x, τ) does not lead to Eq.
(4.37).
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ied by the introdution of a fundamental length sale. Therefore we are
tempted to diretly generalize Eq. (4.37) with the gradient variable Qi.
Sine the mass term d2η˜zk/zk now depends on k, we dene the Fourier mode
of Qi as
Q(k) =
∫
d3x
(2π)3/2
e−ik·x∂−2∂iQi(x) ≡ −zkR(k) . (B.51)
Then Eq. (4.37) holds for uk → Q(k). One gets the t-version Eq. (B.30) by
using the eetive time dt˜ = dη˜a
e
/N = dt/fa and setting N˜ = N without
loss of generality:
d2t˜Q(k)− F˜ dt˜Q(k) + Ω˜Q(k) = 0 , (B.52)
where F and Ω are
F˜ = faF − f˙a , (B.53)
Ω˜ = F˜
dt˜zk
zk
− d
2
t˜
zk
zk
= −
(
N
a
e
)2 d2η˜zk
zk
= f 2a (Ω− ω) , (B.54)
ω ≡
[
2
z˙
z
(
f˙a
fa
+
f˙z
fz
)
− F f˙z
fz
]
+
(
f¨z
fz
+ 2
f˙a
fa
f˙z
fz
)
. (B.55)
In the ommutative limit, F˜ → F , ω → 0, and Ω˜→ Ω. The term in square
brakets in Eq. (B.55) ontains the O(ǫ) ontribution of Ω˜, sine f˙a/fa =
O(ǫ) = f˙z/fz. In the infrared limit (strongly nonommutative regime), ω and
its omponents loose their momentum dependene. The Langevin equation
for the urvature perturbation reads
d2t˜R(k) +
(
2fa
z˙k
zk
− F˜
)
dt˜R(k) = −
1
zk
ξ(t˜,k) . (B.56)
The nonommutative version of Eq. (B.26) gets an extra term from the
redenition of z; in momentum spae and at rst SR order, zk ≈ −Q(k) +
a˜kψk[1 + θǫ− η + f˙z/(NHfz)].
With the gauge hoie η˜ ≈ −(aHf 2a )−1 = −e−t˜, by denition one has
∂it˜ = 0 on surfaes of onstant nonommutative time. Then
NHfa =
1− 2f˙a
1− ǫ = 1+O(ǫ) , F˜ = −1 +O(ǫ
2) , dt˜uk = uk . (B.57)
Negleting the seond-derivative term in Eq. (B.56), one has
dt˜R(k) ≈ −
1
3zk
ξ(t˜,k) . (B.58)
With the proedure of the last setion, at lowest SR order and rst pertur-
bative order, one obtains the nonommutative power spetrum (4.2), whih
is the ommutative amplitude orreted by a fator Σ2 = (f 2a/fz)
2
. Atu-
ally, if one wanted to go to oordinate spae the integration over momenta
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should be performed up to the UV uto k0, while the harateristi sale R
should be pushed towards the asymptoti limitR ∼ k−10 at the innite future.
However, the approximation k0 →∞ ts well at this stage of auray.
The gauge-xed variables Q and zk are
Q(k) = a˜kψk(1− ǫ+ 2f˙a) , (B.59)
zk ≈
[(
1 + θ
)
ǫ− η + fa f˙z
fz
− 2f˙a
]
Q(k) = −1
2
(ns − 1)Q(k). (B.60)
At rst SR order, the spetral index (3.62) has aquired an extra term
σǫ =
d lnΣ2
d ln k
=
2
NH
(
2
f˙a
fa
− f˙z
fz
)
≈ 2fa
(
2
f˙a
fa
− f˙z
fz
)
. (B.61)
A omputation of the seond-order urvature perturbation, by Eq. (B.60),
gives again Eq. (B.50), with the spetral index now depending on the non-
ommutative parameter σ.
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